Set theory and topology

An introduction to the foundations of analysis []

Part II: Topology — Fundamental notions

FELIX NAGEL

Abstract

We provide a formal introduction into the classic theorems of general
topology and its axiomatic foundations in set theory. In this second
part we introduce the fundamental concepts of topological spaces, con-
vergence, and continuity, as well as their applications to real numbers.

Various methods to construct topological spaces are presented.
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Remark

This is the second part of a series of articles on the foundations of analysis,

cf. [Nagel]. For the Preface and Chapters [I] to [d] see Part
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4 Chapter 5. Topologies and filters

5.1 Set systems

In this Section we introduce three basic functions on set systems, that are used
in many places subsequently. Each of these functions is defined with respect to
a given set X as a function that maps every subsystem of P(X) on a—generally
larger—subsystem of P(X). A fourth function is introduced at the end of this
Section, which is used in the context of neighborhood system in Section

The introduction of the following new symbol turns out to be useful.

Definition 5.1
Given a set X, we write A C X if A C X and A is finite. [ |

Definition 5.2

Given a set X, we define the following functions:
Uy : PAX) — PUX), Ux(A)={NB:BCA B+0};
Ox : PX(X) — P(X), Ox(A)={UB:BCA B#0};
Oy i PAX) — PAX), Ox(A)={BCX:3AcA AC B}

When the set X we refer to is evident from the context, we also use the short

notations ¥, ©, and ®, respectively. |

That is, for a system A of subsets of X, W(.A) is the system of all finite intersec-
tions of members of A, ©(A) is the system of all unions of members of A, and

®(A) is the system of all subsets of X that contain some member of A.
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5.1 Set systems 5

Remark 5.3
Given a set X, the following equations hold:

() ¥(©0)=0, 60)=0, 0)=0

(i) Vol =0, ©00=0, dod=2>

(i) v({0}) ={0}, ©({9})={0}, @({0})=PX)

(iv) v({X}) ={X}, o({X})={X}, o({X})={X}

(v) ¥({0,X}) ={0, X}, O6({0,X})={0, X}, ©({0,X})="P(X)

The identities in Remark say that U, ©, and ® are projective.
The composition of two of the functions is not commutative. However, we have

the following result.

Lemma 5.4

Given a set X, we have for every A C P(X):
VO(A) C OT(A), To(A) C DT (A)
The maps (© ¥) and (® ¥) are projective.

Proof. In order to prove the first claim, let A = (_; U{A;; : j € J;} where
n €N, n >0, and, for every ¢ € N, 1 < i < n, J; is an index set and A4;; € A
(j € J;). We have

a=U{N_ Auw ie X_ 5} e 0w

To show the second claim, let n € N, n > 0, and for every i € N, 1 < i < n, let
A; € A and B; be a set with A; C B;. Further let B = (_, B;. It follows that

2013 Felix Nagel — Set theory and t()p()l()gy, Part II: l()p()l()gy — Fundamental
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6 Chapter 5. Topologies and filters

B>, A;, and thus B € U (A).

Now the last claim clearly follows. O

Lemma 5.5
Given a set X, (P%(X), C) is an ordered space in the sense of ”<”. In particular,
C is a reflexive pre-ordering. The maps ¥, ©, and ® as well as their compositions

are C-increasing. For every A, B C P(X) we have:
(i) Acy B += V(A CY¥B) <<= ACYDB)
— VAeA IGCB G#0, A=NG

(ii)) ACg B <<= ©O(A4) COB) <+ ACO(B)
— VAe A FHCB H#0, A=UH

(iii) ACs B <= @A) CPB) = ACPDB)
<~ VAe A dBeB ADB

(iv) ACgy B <= 0OV C OV (B) = ACOVY(B)
— VAeAd FHCIYB) H##Q, A=UH

(V) ACyy B = OV (A) C ®¥Y(B) <= AC PV (B)
— VAe A IGCB G#£0O, ADNG

Proof. In each case the first equivalence is true by definition of the respective
relation, cf. Definition [2.88
To see the second equivalence notice that ¥, ©, and ® are projective by Re-

mark The compositions (© ¥) and (® U) are projective by Lemmal5.4} The

second equivalence follows by Lemma [2.91
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5.1 Set systems 7

The third equivalence in each case is a consequence of the definition of the maps.
|

Definition 5.6
Given a set X, the function @’y is defined by

Py : P(Xx P(X)) — P(Xx P(X)) ,
' (R)={(z,B) e XxP(X) : JAC X (z,A) € R, AC B}

When X is evident from the context, we also use the short notation ® for @’.
[ |

Lemma 5.7
Given aset X,z € X, AC X, and R C X x P(X), we have:

(i) (®'(R){z} = ®(R{z})
(i) (®(R))[A] = @(R[A])
(iif) (®'(R))(A4) > ®(R(A))
Proof. () and (i) clearly hold. To prove (i) notice that
(@' (R)(4) = [ _, (@®R) {2} = [ _,2R{z})
={BcX:VzeA 3B, CB (z,B;) € R}

z€A

OD{BCX:3CCB VzeA (z,0)€ R} = ®(R(A))
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8 Chapter 5. Topologies and filters

Lemma 5.8

Given a set X, the pair (P(X x P(X)),C) is an ordered space in the sense
of 7<”. In particular, C is a reflexive pre-ordering on P(X x P(X)). The map
®’ is C-increasing and projective. For every R,S C X x P(X) we have:

RcCg S <+ d'(R)CP(S) <= RcCP(9)
V(z,A) e R 3(y,B)eS xz=y, ADB
Vee X (¥(R)){z} C ((9)){z}

VreX ®(R{z}) C &(S{z})

rrt

Vee X R{z}C, S{z}

Proof. Exercise. U

5.2 Topologies, bases, subbases

We start with the definition of a topological space.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 9

Definition 5.9
Given a set X, a system T C P(X) is called topology on X if it has all of the

following properties:
() 0,XeT
i) V6T G#0 = UGeT
(i) VA, BET ANBeT

The pair £ = (X, T) is called topological space. The members of T are called
&-open or T-open. They are also called open if the topology is evident from
the context. A set B C X is called &-closed if X\ B is {-open. If the set X is
evident from the context, we also say that B is T-closed. If the set X and the
topology T are both evident from the context, we also say that B is closed. W

Notice that property (i) in Definition [5.9]is equivalent to ©(7") = 7. By property
it follows that (\H € T for every H C T with H # @ by the Induction
principle. Therefore property is equivalent to ¥(7) = 7. Hence the system
of topologies on X contains precisely the fixed points of © and ¥ that additionally
satisfy property .

We now define several simple topologies that serve as examples throughout the

text.
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10 Chapter 5. Topologies and filters

Lemma and Definition 5.10

Given a set X, each of the following systems of subsets is a topology on X:
(i) Tais = P(X) is called discrete topology.
(ii) Tin = {9, X} is called indiscrete topology.
(iii) Ter = {A C X : A°is finite} U {@} is called cofinite topology.
(iv) Tee ={A C X : A°is countable} U {@} is called cocountable topology.
Proof. Exercise. U
Example 5.11

Let X be a set and A, C X (n € N) such that A, C A,+1 (n € N) and
Unen An = X. Then A= {A, :n e N} U{D, X} is a topology on X. |

neN < n

The analogues of properties to in Definition hold for the system of

closed sets as follows.

Lemma 5.12
Let £ = (X, T) be a topological space. The system C of all £-closed sets has the

following properties:

(i) 0,X ecC
(i) v6cC G#0 = NGeC
(i) VA,BeC AUBE€C

Proof. Exercise. O

Clearly, property in Lemma implies that |JH € C for every H C C with
H # @ by the Induction principle (or by the analogue for open sets).

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 11

The following Lemma demonstrates that for a given system C of subsets of X
one may first confirm that C is the system of all closed subsets for some topology

on X and then construct the topology from C.

Lemma 5.13
Given a set X and a system C of subsets of X satisfying (if) to in Lemma
the system 7 = {B¢: B € C} is a topology on X, and C is the system of all T-

closed sets.

Proof. Exercise. U

We often encounter more than one topology on the same set. The notions in the

following Definition are useful in this case.

Definition 5.14

Let X be a set and 77 and 73 be two topologies on X. If 75 C Ty, then 77 is
called finer than 75, and 75 is called coarser than 7. If 7; € 75 or 75 C 71,
then 77 and 7> are called comparable. If 75 C 71 and 7; # 7T, then 77 is called

strictly finer than 75, and 75 is called strictly coarser than 7. ]
Remark 5.15
Let (X, T) be a topological space. Then we have T, C T C Tgis- [ ]
Lemma 5.16

Given an uncountable set X, the topologies defined in Lemma ([ (iv) obey
Tin C Tet C Tee C Tais, and no two of them are identical.

Proof. Exercise. O

The following notation allows us a more formal treatment in the sequel.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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12 Chapter 5. Topologies and filters

Definition 5.17
Given a set X, the system of all topologies on X is denoted by 7 (X). ]

Lemma and Definition 5.18
Let X be aset, & C J(X), and T € . The pair (&, C) is a space ordered in
the sense of 7<”. T is called finest (coarsest) topology of & if it is a maximum

(minimum) of &/. & has at most one finest and at most one coarsest topology.

Proof. Exercise. O

Remark 5.19
The discrete topology on X is the finest member of 7 (X), and thus it is an
upper bound of any subsystem &/ C 7 (X). The indiscrete topology on X is

the coarsest member of .7 (X), and thus it is a lower bound of any subsystem
o C T(X). [ ]

It is proven below that for a given set X the supremum and the infimum of every
system of topologies & C 7 (X) exist and are unique. In regard to Remark
this is equivalent to the least upper bound property of the ordering C on 7 (X).
The supremum of <7, which is the coarsest topology that is finer than every
T € o, is determined in Corollary [7.4 The infimum of </, which is the finest
topology that is coarser than every 7 € &, is determined in Corollary [7.48|

It is often convenient to think of a topology as a system of sets that is, in a sense,
”generated” by a subsystem of open sets. The first step in this direction is to
determine a subsystem of open sets such that every open set can be written as
a union of members of such a generating system. Such a generating system is
called a base for the topology. Below we consider a yet smaller subsystem, called

subbase.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 13

Definition 5.20

Given a topological space (X,7T), a system B C T is called base for T if
T = O(B), i.e. if the system of all unions of members of B is identical to 7. We
also say that B generates 7. [ ]

For a given topology there generally exists more than one base generating it.

Example 5.21
Given a set X, the system B = {{z} : © € X} of all singletons is a base for the
discrete topology Tais on X. Every other base for Tg;s contains B. |

Example 5.22
Given a set X, the only base for the indiscrete topology Ti, on X is Tp, itself.
|

Lemma 5.23
Given a topological space (X, 7T), a system B C 7 is a base for T iff for every
U €T and x € U there exists B € B such that x € B C U.

Proof. Exercise. O

The following Lemma provides a characterization of a system of subsets of X to

be a base for some topology.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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14 Chapter 5. Topologies and filters

Lemma and Definition 5.24
Let X be a set and @ # B C P(X). B is a base for some topology on X iff it

satisfies all of the following conditions:
(i) 0eB
(i) X =UB
(iii) VA, BeB 3ICCcB C#0O AN AnB=C

In this case, B is also called a topological base on X. The topology generated
by B is unique.

Proof. Assume that (i) to hold, and let 7 = ©(B). It follows by Defini-
tion [5.9] and Lemma that 7 is a topology on X. Clearly B generates 7.
The converse implication and the uniqueness of the topology generated by B are

obvious. O

Notice that we have excluded the case B = () in Lemma and Definition only
because property (i) has to be well-defined. If a system B satisfies property (i),
this obviously implies B # Q.

We may compare two topological bases on the same set X with each other
similarly as we compare two topologies. We even refer in our definitions to

the corresponding notions for the comparison of two topologies.

Definition 5.25

Let A and B be two topological bases on a set X. B is called finer, coarser,
strictly finer, strictly coarser than B if the generated topologies ©(A) and
O(B) have the respective property. A and B are called comparable if O(A) and
O(B) are comparable. [ ]

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 15

Notice that every topology on a set X is a base for itself. If 77 and 75 are two
topologies on a set X, 77 is finer than 75 in the sense of Definition iff 77 is
finer than 75 in the sense of Definition[5.25] etc. That is Definitions [5.14 and [5.25]

are consistent when referring to two topologies in both cases.

Definition 5.26
Given a set X, the system of all topological bases on X is denoted by J5(X).

|

Remark 5.27

Given a set X, we have 7 (X) C Z(X) and #(X) = ©71[F7(X)]. For every
T € 7(X), the system of all bases for T is given by ©~1 {T}. [ ]

When we compare two topologies on X, we use the ordering C on .7 (X). The
direct comparison of topological bases requires another pre-ordering on P?(X)

whose properties are analysed in Lemma [5.5

Remark 5.28
Given a set X, the pair (%(X )7C@) is a pre-ordered space with a reflexive
relation. Let A, B € Z(X). The following statements are true:

(i) Ais finer than B <= BCg A
(ii) A is strictly finer than B <= (B Cy A) A = (A Cq B)

(iii) A and B are comparable <= (Bcgy A) vV (AC, B)

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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16 Chapter 5. Topologies and filters

Remark 5.29
Let X be a set and A, B C P(X). By Lemma [5.5] (i) we have

O(A) =O(B) «— (BCyA) A (AC, B)

If one side is true (and hence both sides are true) and A is a topological base,
then also B is a topological base.
Notice that O(A) = ©(B) need not imply A = B. [ ]

The following is a counterexample.

Example 5.30
Let X be an infinite set. We may define systems

B,={BuCX :keN 1<k<2"} (neN)
with the following properties:
(i) Bak N B =0 (n,k,leN; 1<k 1<2"; k#I)
(i) UB, =X (neN)
(ii)) Buk = Bini1y@r-1) U Bminee (mk€N; 1<k <2m)
Then each of the systems
C:U{Bn: n is odd} U {Q}, D:U{Bn : nis even} U {0}

is a topological base on X, and ©(C) = O(D). However, we have C # D. |

Definition 5.31
We say that a topological space (X, T) or the topology 7 is second countable

if there exists a countable base for T . [ |

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 17

We define below what we mean by ”first countable” topological space or topol-
ogy. This definition is based on the notion of neighborhood to be introduced in

Section [5.41

Example 5.32
Given an uncountable set X, the discrete topology on X is not second countable.
|

In the same way as for the system of all open sets, there is a possibility to
”generate” the system of all closed sets from an appropriate subsystem that we
call ”base for the closed sets”. It is a system such that every closed set is an

intersection of its members.

Definition 5.33

Let £ = (X,T) be a topological space and C the system of all &-closed sets.
A system D C C is called base for C or base for the ¢-closed sets if C =
{NG : GCD, G#D}. When the set X is evident from the context, C is also
called base for the 7T-closed sets. When the set X as well as the topology T

are evident from the context, C is also called base for the closed sets. |

The base for a topology and the base for the closed sets are related by comple-

mentation as follows.

Lemma 5.34
Let (X, T) be a topological space, C the system of all closed sets, and B C P(X).
B is a base for T iff {B°: B € B} is a base for C.

Proof. Exercise. O

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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18 Chapter 5. Topologies and filters

The analogue of Lemma for the system of all closed sets is stated in the

following Lemma.

Lemma 5.35
Let X be a set and @ # D C P(X). D is a base for the T-closed sets where T

is some topology on X iff it satisfies all of the following conditions:
(i) XeD
(i) O =ND

(iii) VA, BeD 3JECD £E#O N AUB=NE&

Proof. This follows by Lemmas and O

Again, notice that the case D = @ is excluded in Lemma in order for the
intersection in property to be well-defined. If a system D satisfies property ,
this obviously implies D # @.

As announced before we are often able to ”generate” a topological base from an

appropriate smaller subsystem, called a ”subbase”.

Definition 5.36
Given a topological space (X, T), a system S C T is called subbase for T if
the system W(S) is a base for 7. We also say that S generates 7. |

Generally, for a given topological base, there exist more than one subbase gen-
erating it.

There is a simple criterion to probe whether a given system of subsets of X is a
subbase for some topology on X as shown in the following Lemma. To this end

the notion of "finite intersection property” is introduced.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 19

Definition 5.37
Let X be a set and C C P(X). We say that C has the finite intersection
property if @ ¢ U(C), i.e. for every H T C with H # @ we have YH #O. N

Lemma 5.38
Let X be a set and @ # S C P(X). S is a subbase for some topology 7 on X

iff both of the following statements are true:

(i) S does not have the finite intersection property.
(i) X =S

In this case, S is also called a topological subbase on X, and the topology
generated by S is unique. Furthermore, T is the coarsest topology on X that

contains S.

Proof. The first claim is easy to verify (exercise).

Now let 77 and T3 be two topologies on X and S a subbase both for 77 and for
75. By Definition [5.36] ¥(S) is a base both for 77 and for 75. Hence, 71 = 75 by
Lemma

To prove the last claim, let S be a topological subbase. Further let 7; be a
topology on X with § C 7;. It follows that © ¥ (S) C T;. O

Notice again that we have excluded the case S = @ in order for property
to be well-defined. Of course, if a system S satisfies property , this implies
S#Q.

Notice that for any system & C P(X) the system S U {0, X} is a topological
subbase. Alternatively, one could use the conventions that an intersection of an
empty system of sets is identical to X and that a union of an empty system of
sets is identical to @. In such a framework any arbitrary system of subsets of X

would be a subbase for some topology on X. In this account the intersection or

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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20 Chapter 5. Topologies and filters

union of an empty system of sets is not defined.

We now state a criterion for the second countability of a topology.

Lemma 5.39
Let (X, T) be a topological space and S a topological subbase for 7. If S is

countable, then 7T is second countable.

Proof. This follows by Lemma [3.71 (]

Next we introduce some notions for the comparison of two subbases on the same

set.

Definition 5.40

Let &1 and S; be two topological subbases on a set X. S is called finer, coarser,
strictly finer, strictly coarser than S, if the topological bases ¥(S;) and
U(S2) have the respective property. S; and S are called comparable if ¥(S;)
and ¥(S,) are comparable. [ |

Note that the notions defined in Definition [5.40| are well-defined since every
topological subbase generates a unique topological base. Furthermore, every
topological base is a subbase itself. When comparing two bases, no confusion
can arise whether this comparison is done in the sense of Definition [5.25 or

Definition [5.40|since Definition [5.40|refers to the corresponding notions for bases.

Definition 5.41
Given a set X, the system of all topological subbases on X is denoted by .7 (X).
|

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.2 Topologies, bases, subbases 21

Remark 5.42
Given a set X, we have Z(X) C /(X) and .(X) = V! [#(X)]. For every
T € 7(X), the system of all subbases for 7 is given by (© W)™ {T}. [ ]

Similarly to the case of topological bases in Remark the comparison between
two topological subbases may be expressed in terms of a pre-ordering as stated

by the following remark.

Remark 5.43

Given a set X, the pair (. (X), C e\p) is a pre-ordered space with a reflexive re-

lation. Let A, B € #(X). The following statements are true by Lemma :

(i) Ais finer than B <= B Cg, A
(ii) A is strictly finer than B <= (B Cgy A) A = (A Cgy B)

(iii) A and B are comparable <= (B Cg, A) V (A Cgy B)

Remark 5.44
Let X be a set and A, B C P(X). By Lemma5.5] we have

OU(A)=0¥(B) <« (BCgyyA) A (ACy, B)

In this case, if A is a topological subbase, then also B is a topological subbase
and the topologies generated by A and B are the same. Furthermore, notice that
OV (A) = O T(B) need not imply A = B. [ ]

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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22 Chapter 5. Topologies and filters

Definition 5.45

Let £ = (X, T) be a topological space and C the system of all ¢-closed sets. A
system S C C is called subbase for C or subbase for the {-closed sets if
{UH : HC S, H # @} is a base for C. If the set X is evident from the context,
C is also called subbase for the 7-closed sets. If the set X and the topology T

are evident, C is called subbase for the closed sets. |

Lemma 5.46

Let & = (X,T) be a topological space, C the system of all ¢-closed sets, and
S C P(X). Then S is a subbase for T iff the system {S¢: S € S} is a subbase
for C.

Proof. Exercise. O
Lemma 5.47

Let X be aset and @ # S C P(X). S is subbase for the T-closed sets, where T

is some topology on X, iff both of the following conditions are satisfied:

(i) There exists H C S such that H # 0 and X = [JH.
(i) 9=NS

Proof. This follows from Lemmas and O

5.3 Filters

So far, in this chapter, we have considered systems of sets whose members are
subsets of a common set X as well as properties between members of such sys-
tems. Thereby we have not referred to any specific points of X. In much of

the following we consider particular points, values of maps at specific points,

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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5.3 Filters 23

systems of sets that contain specific points etc. In particular this is the case in
all circumstances where convergence is examined, a notion that is introduced in
Chapter [f] To this end, in this section the notion of filter is introduced as a
fundamental concept. Note that the definitions and claims in this section do not

involve any topology on X.

Definition 5.48
Given a set X, a system F C P(X) is called a filter on X if it has all of the

following properties:
(i) 0¢F
(i) X € F
(ii) VAL BC X ABeF = ANBeF
(iv) VAL BCX (AeF)AN(ACB) = BeF

Properties (fi)) and in Definition imply that F has the finite intersection
property.

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
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24 Chapter 5. Topologies and filters

Remark 5.49
Let X be aset and F C P(X). F is afilter on X iff all of the following conditions

are satisfied:

() F#£0
(i) F # P(X)
(i) W(F)=F
(iv) ®(F) = F

That is, the filters on X are precisely those systems that are fixed points of both
¥ and ® and additionally are non-trivial in the sense of (fi) and . ]

When comparing two filters on the same set we use the same notions as for

topologies.

Definition 5.50

Let F; and F> be two filters on a set X. If 75 C Fi, then F; is called finer
than F; and F3 is called coarser than F;. If F5 C F; and F; # Fa, then F
is called strictly finer than F; and F; is called strictly coarser than F;. If
F1 C Fo or Fo C Fq, the filters are called comparable. [ |

Definition 5.51
Given a set X, the system of all filters on X is denoted by .#(X). ]

Lemma and Definition 5.52
Let X be a set, & C Z#(X), and F € o/. The pair (&, C) is an ordered space
in the sense ”"<”. F is called finest (coarsest) filter of & if it is a maximum

(minimum) of «7. &/ has at most one finest and at most one coarsest filter.
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Proof. Exercise. O

Definition 5.53

Given a filter F on a set X, F is called ultrafilter if it is a weak maximum
of .Z(X) with respect to the ordering C, i.e. if there is no filter on X that is
strictly finer than F. [ ]

Given a specific filter it is often convenient to consider only a particular subsys-
tem, called filter base, instead of the entire filter. A filter base is defined by the
requirement that every member of the filter contains a member of the filter base.

More formally we have the following definition.

Definition 5.54
Given a filter F on a set X, a subsystem B C F is called filter base for F if
F = ®(B). We also say that B generates F. [ |

Notice that this definition is similar to the definition of a base for a topology,
see Definition [5.20] The two are related by the concept of neighborhood system,
which is described below in Section [5.4l
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Lemma and Definition 5.55
Let X be a set and B C P(X). B is a filter base for some filter on X iff all of

the following conditions are satisfied:
(i) o¢B
(i) B£O
(i) VA, BeB 3CeB CCANB

In this case, B is also called filter base on X. The filter generated by B is

unique.

Proof. Assume that (i) to hold. Then clearly 7 = ®(B) is a filter on X.
The converse implication and the uniqueness of the generated filter are obvious.
|

Notice that property in Lemma and Definition is equivalent to W(B) C
D(B).

We now define appropriate notions for the comparison of two filter bases.

Definition 5.56

Let X be a set, and A and B two filter bases on X. A is called finer, coarser,
strictly finer, strictly coarser than B if ®(A) and ®(B) have the respective
property. A and B are called comparable if ®(A) and ®(B) are comparable.
|

This definition relies on the fact that the filter generated by a filter base is unique.
Also the fact that every filter is a filter base for itself is taken into account by

referring to the properties of filters in the definition.
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Definition 5.57

Given a set X, the system of all filter bases on X is denoted by .7, (X). |
Remark 5.58

Given a set X, we have .Z(X) C #5(X) and Z,(X) = &' [#(X)]. For every
F € Z(X), the system of all filter bases for F is given by ®~! {F}. [ |

The comparison of two filter bases on a set X may be expressed by the pre-

ordering C .

Remark 5.59
Given a set X, the pair (L?B

ive relation. For every A,B € #,(X), the following statements are true by
Lemma
(i) Ais finer than B <= B C, A

(X),c <I>) is a pre-ordered space with a reflex-

(ii) A is strictly finer than B <= (B C, A) A = (A C, B)

(iii) A and B are comparable <= (BCy A) vV (AC, B)

Remark 5.60

Let X be a set and A, B C P(X). By Lemma [5.5] we have ®(A) = &(B) iff
A Cy Band B C; A. In this case, if A is a filter base on X, then B is also a
filter base on X and the two filters generated by A and B are the same. Notice
however that ®(A) = ®(B) need not imply A = B. |
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Definition 5.61

Given a filter F on a set X, a point z € X is called a cluster point of F if
x € (F. F is called free if it has no cluster points, otherwise it is called fixed.
Similarly, for a filter base B on X, a point * € X is called a cluster point

of B if it is a cluster point of ®(B). B is called free if it has no cluster points,

otherwise it is called fixed. |
Remark 5.62

Given a filter base B on a set X and a point = € X, x is a cluster point of B iff
z eB. ]

Example 5.63
Given a set X, the system B = { Jz,00[ : « € R} is a free filter baseon R. W

Example 5.64
For every r € ]0,00[ , let B, = {(z,y) € R? : 22 + y* <r}. The system B =
{B, : r €]0,00[ } is a fixed filter base on R2. |

Example 5.65
Given a set X, the system F = {X} is a filter. It is called the indiscrete filter
on X. ]

Lemma 5.66

Given a set X and A C X with A # @, the system F ={F C X : AC F}is
a fixed filter on X. The system {A} is a filter base for F. F is an ultrafilter iff
A = {z} for some z € X. In this case it is called the discrete filter at z.

Proof. Exercise. O
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Lemma and Definition 5.67

Let A and B be two filter bases on a set X, where AN B # @ for every A € A,
B € B. The system C = {ANB : Ac A, B € B} is a filter base. It is called
the filter-base intersection of A and B. C is a supremum of {4, B} in the
pre-ordered space (ﬁB (X),C @)' Equivalently, the filter ®(C) is the supremum
of {®(A), ®(B)} in the ordered space (F(X), C), i.e. it is the coarsest filter on X
that is finer than ®(A) and ®(B).

Proof. Let A1,As € A and By,By; € B. We may choose A3 € A such that
A3 C A1 N As, and Bs € B such that Bg C By N By. It follows that

A30B3 C AlﬁBlﬂAgﬂBg

Thus C is a filter base. We clearly have A Cg C and B C,4 C. Assume that D is
a filter base on X with A C, D and B C D. We show that C C, D. Let A€ A
and B € B. We may choose A’, B" € D such that A’ C A and B’ C B. There
exists D € D such that D € A’N B’. Thus we have D C AN B. This shows that
C is a supremum. It clearly follows that ®(C) is a supremum, which is unique

since C is an ordering. |

Lemma 5.68
Let X be a set and B; € #,(X) (i € I) where I an index set. Furthermore we
define the system

B={NesBi: JCL, J#0, BB (je )}

If @ ¢ B, then B € #,(X). In this case, B is a supremum of {B; : i € I'} in the
pre-ordered space (ﬁB(X ), C q)). Equivalently, the filter ®(B) is the supremum
of {®(B;) : i € I} in the ordered space (F(X),C), i.e. it is the coarsest filter
on X that is finer than ®(B;) for every i € I.
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Proof. Assume that @ ¢ B. It follows by Lemma that B is a filter base on
X. Clearly, B is finer than B; for every ¢ € I. It remains to show that every
filter base on X that is finer than B; for every i € [ is also finer than B. Assume
that A is a filter base on X that is finer than B; for every i € I, and let B € B.
We may choose J C I with J # @ and B; € B; (j € J) such that B =, ; B;.
For every j € J we may choose A; € A such that A; C B; by assumption.
There exists A € A such that A C (;.; A;. Hence A C B. This shows that
B is a supremum of {B; : i € I'}. It clearly follows that ®(B) is a supremum of
{®(B;) : i € I}, which is unique since C is an ordering. O

Notice that the filter base B defined in Lemma [5.68]is not a direct generalization
of Lemma and Definition [5.67] as the index set J may be a singleton. However,

it is easy to see that the generated filters are the same if J ~ 2.

Definition 5.69
Let B be a filter base on a set X. B is called ultrafilter base if ®(B) is an
ultrafilter. |

The following are a few characterizations of an ultrafilter base.

Lemma 5.70

Let B be a filter base on a set X. The following statements are equivalent.
(i) B is an ultrafilter base.

(ii) B is a weak maximum of .7, (X) with respect to the pre-ordering C, i.e.
there is no filter base on X that is strictly finer than B.

(iii) VAC X A€ d®(B) Vv Ac € d(B)

(iv) VAC X {A}c,B Vv {A}C, B
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Proof. and are clearly equivalent.

The equivalence of and is obvious as well.

To show that (i) implies , let A C X and assume that neither {A} C, B
nor {A°} Cg4 B holds. It follows by Lemma and Definition w that each of the

systems
A={BNA: BeB}, C={BnNA°: BeB}

is a filter base and that A and C are both finer than B. We clearly have ®(A) #
®(C). Hence at least one of the filter bases is strictly finer than B, which is a
contradiction to the fact that B is an ultrafilter base.

To show that implies , let A be a filter base on X that is finer than B, and
A€ A. Since {A°} C, B clearly does not hold, we have {A} C, B. Therefore B

is finer than A, and hence B is an ultrafilter base. O

Note that Lemmalb.70|says that ultrafilters are precisely those filters that contain
either A or A€ for every A C X.

Lemma 5.71
Let X be a set. F is a fixed ultrafilter on X iff there is a point € X such that
F={FCX : :zeF}.

Proof. If F is a fixed ultrafilter, it clearly has a unique cluster point by Lemma
, say . Let FF C X with € F. Since F° ¢ F, we have F' € F by
Lemma (iii). This shows that F ={F C X : z € F}.

The converse is obvious. (|

Theorem 5.72
For every filter base B on a set X there exists an ultrafilter base that is finer
than B.
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Proof. Let M = {B; : i € I} C #5(X) be the set of all filter bases on X that
are finer than B where I is an index set. The relation C 4 is a pre-ordering on M.
Let L={B; : j € J} (J CI) be a chain and

A={ex By : KCJ K#0, BBy (ke K)}

Since @ ¢ A, Ais afilter base that is finer than B, for every j € J by Lemma
Thus A is an upper bound of L. Let C be a weak maximum of M according to
Theorem [3.56] To prove that C is an ultrafilter base, assume that D is a filter
base on X with C C, D. Since B C,, C, we have B C, D, and thus D € M.
Since C is a weak maximum of M, C C, D implies D C4 C. (]

Corollary 5.73
For every filter F on a set X, there is an ultrafilter G that is finer than F.

Proof. By Theorem [5.72] we may choose an ultrafilter base B such that B is finer
than F. Then ®(B) is an ultrafilter that is finer than F. O

5.4 Neighborhoods

We briefly outline the major notions defined in this Section. Given a topological
space (X,T), a neighborhood U of a point z is defined as a—not necessarily
open—set for which there exists an open set V such that x € V C U. The
system of all neighborhoods of a particular point x is called the neighborhood
system of z. One may also consider the ensemble of neighborhood systems for
every x € X, which may be called the neighborhood system of the topological
space. The natural way to describe this is to define a structure relation on X
(cf. Definition , that contains the pair (z,U) for every point x and every
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neighborhood U of z. More formally this leads to Definitions and
below. In order to describe the neighborhood system it would be possible to
define a function on X such that for each point € X the value f(x) is the
neighborhood system of . The domain of such a function is X and its range is
a subset of P?(X). However, this turns out to be notationally disadvantageous

when choosing subsets of the neighborhood system of single points.

Definition 5.74
Let £ = (X, T) be a topological space and C the system of all ¢-closed sets. The
structure relation Ne, or short A, defined by

(z,U)eN <« 3IWVeT zeVCU
is called the neighborhood system of £. The structure relation
NP = Ne N (XX T)

is called the open neighborhood system of ¢, also denoted by N °P°". The
structure relation
Ngdosed —_ Ng ) (X % C)

is called the closed neighborhood system of &, also denoted by A/closed. H
Remark 5.75
Given a topological space (X, T), the following statements hold:

(i)VeeX YWUCX (2,U)eNP" < UeT(x)

(i) @ (V) = B'(N) = A

Note that we use the notation of Definition in (i) and the map @ defined
in Definition in (). |
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We now introduce the neighborhood system of an arbitrary set A C X. The
special case in which A is a singleton leads to the definition of the neighborhood

system of a point. Remember that for a relation R on X we have defined

Rz} = {ye X : (z,y) € R},
R(A) = {ye X :Vz € A (z,y) € R}

Definition 5.76
Let N be the neighborhood system of a topological space (X, T).

(i) For every A C X the system N(A) is called the neighborhood system

of A, and every member is called a neighborhood of A.

(i) For every A C X, the systems N °P“*(A4) and N <°¢d(A) are called the
open and the closed neighborhood systems of A, respectively, and

every member is called an open (closed) neighborhood of A.

(iii) For every z € X, the system N{x} = N ({z}) is called the neighborhood
system of . A member U € N{z} is called neighborhood of z.

(iv) For every x € X, the systems
NOpen{m} _ N0p6n<{x}>, Nclosed{x} — Nclosed<{x}>

are called the open and closed neighborhood systems of x, respec-
tively. Their members are respectively called the open and closed neigh-

borhoods of z.

Notice that for every open A C X, A is a neighborhoood of itself. Moreover, we
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have V(@) = P(X), i.e. every subset of X is a neighborhood of the empty set.
We state a few more consequences of the preceding definitions in the following

Lemma.

Lemma 5.77
Let (X, T) be a topological space and U,V C X. The following statements hold:

() UeT <<= VrxeU UeN{z}
i) UeT < VACU UeN(A)
(ili) Ve N{U) < IVeT UcCWcCV

Proof. To prove (f]) assume U € N{z} holds for every x € U. For each z € U
we may choose V, € T such that x € V,, C U. Hence U = U,y Vo € T. The
converse is obvious.

is a direct consequence of .

To prove assume V € N(U). Then V € N{z} for every z € U. For each
x € U, we may choose W, € T such that x € W, C V. Therefore U C W C V

where W = W,. The converse is obvious. ]

zecU

Our definitions of neighborhood and neighborhood system are based on the no-
tion of topological space. In the following Lemma we list properties of the neigh-
borhood system. We then show that for a given structure relation with these
properties there is a unique topology such that the neighborhood system is this

structure relation.
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Lemma 5.78
The neighborhood system N of a topological space (X,7) has the following

properties:
() Ve e X N{z}#0
(i) Ve e X YVUeN{z} zeU
(i) Ve e X YUeN{z} VVDOU VeN{z}
(iv) Ve e X VU, VeN{z} UNVeN{z}
(v) Ve e X YUeN{z} TFVeN{z} VyeV UeN{y}

Proof. to are obvious. To show @, let x € X and U € N{z}. We may
choose V € T such that € V .C U. Then, for every y € V, we have U € N{y}.
]

Lemma 5.79

Let X be a set and V' C X x P(X) such that properties (i) to (v)) in Lemmal5.78|
are satisfied. The system 7 = {U C X : Vo € U U € N{z}} is the unique
topology on X such that A is the neighborhood system of (X, 7).

Proof. Notice that T is a topology on X by properties , , and . Let NV
be the neighborhood system of £ = (X, 7). We show that Ne = N. Fix z € X.
First assume that U € Ng{z}. There exists V € T such that z € V C U.
Therefore V € N{z} by definition of 7, and thus U € N'{z}.

Now assume U € N{z}. We may define V= {y € X : U e N{y}}. Fixy e V.
By property there is W€ N{y} such that U € N{z} for every z € W. Thus
W C V, and therefore V € N{y} by property (ii)). It follows that V € T. Since
x € VC U by property , we have U € Ng{z}.

The uniqueness of 7 follows by Lemma . |
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In the following Lemma we list several statements that are satisfied by the neigh-
borhoods of subsets of X—in contrast to the neighborhoods of single points of X
considered in Lemma [5.7§]

Lemma 5.80
The neighborhood system A of a topological space (X,7) has the following

properties:
(i) VACX VYUeEN(A) AcCU

(i) VACX YU eN(A) YV DU VeN(4)
(i) VAC X VU VeN(A) UNV eN(A)

(iv) VAC X VYUEeN(A) IVeEN(A) UeN(V)

(v) For every index set I and every A; C X (i € I), we have
N< UieIAi> = ﬂieIN<Ai>

Proof. to and , follow by Lemma m To show , let A C X and
U € N(A). We may choose V € T such that A C V C U by Lemma [5.77] ().
Then V € N(V) by Lemma (i), and therefore U € N(V). O

Lemma 5.81
Let (X, T) be a topological space and A C X with A # @. The system N (A) is
a fixed filter on X.

Proof. Tt follows by Lemma to that AV'(A) is a filter. This filter is
obviously fixed. O

Notice that in the following Lemma the statements (i) to correspond to the
statements (i) to in Lemma [5.80] the statement guarantees that M can
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be derived from a structure relation, and the statement excludes that the
system is empty for any A C X.

Lemma 5.82
Let X be a set and M : P(X) — P?(X) a map such that the following state-

ments hold:

(i) VAcX YUeM(A) AcCU

(i) VAC X YUEM(A) VVOU Ve M)
(i) VAC X VU, Ve M(A) UNV e M(A)

(iv) VAC X VYUe M(A) IVeM(A) Ue M(V)

(v) For every index set I and every A; C X (i € I), we have

M(UieIAi) = ﬂielM(Ai)

(vii) VAC X M(A) £0

There is a unique topology 7 on X, such that M(A) = N (A) for every A C X,
where A is the neighborhood system of (X, 7).

Proof. We give two proofs. In the first one we use Lemma [5.79] while in the

second one we do not.

First proof:

We may define a relation N C X x P(X) by N{z} = M({z}) for every z € X.
Then N has properties () to (v)) in Lemma [5.78] There is a unique topology 7
on X such that N is the neighborhood system of (X,7) by Lemma Fix
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A C X with A # . Then we have

N<A> = mzeAN{x} = mxeAM({m}) = M(A)

Moreover N () = P(X).

Second proof:
We define T ={U C X : VACU Ue M(A)}. First we show that T is a topol-
ogy on X. Let U; € T (i € I), where I is an index set, U = | J,c; U;, and A C U.

Further let A; = ANU; (i € I). It follows that A = J;.; A;. We have

M(A) =M (Uz‘EIAi) = ﬂiGI M(A;)

by (v . Moreover, for every ¢ € I, A; C U; implies U; € M(4;), and thus
U € M(4;) by (). Hence we obtain U € M(A). This proves that T is a
topology.

Let NV be the neighborhood system of £ = (X, 7). We show that N'(A) = M(A)
for every A C X. Clearly, N(0) = M(Q). Fix A C X with A # Q.

First assume that U € N(A). There exists V € T such that A C V C U.
Therefore V€ M(A) by definition of 7, and thus U € M(A).

Now assume U € M(A), and define V= J{B C X : U € M(B)}. Then we

have

MV) = M(U{BcX :Ue M(B)})
= [J{M(B) : BC X, Ue M(B)}

It follows that U € M(V). Hence U € M(B) for every B C V by (v). Fix
B C V. Then there is W € M(B) such that U€ M(W) by (iv). Hence WC V,
and thus V€ M(B) by (i . It follows that V € T. Since V.C U by (i . we have
Ue N(4).

The uniqueness follows by Lemma . |
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Lemma [5.81] says that the neighboorhood system of a non-empty set A C X is a
fixed filter. This suggests the idea to define the ”"neighborhood base” of A as a
filter base for that filter. For a point x € X, a neighborhood base is a subset of
the neighborhood system of = such that each neighboorhood contains a member
of the base. We begin with the definition of neighborhood base, continue with
the definition of neighborhood base of a subset of X, and then consider the
neighborhood base of a point of X as a special case. It is then shown below that
a neigborhood base of a subset is a filter base for the neighborhood system of
that subset.

Definition 5.83

Let A be the neighborhood system of a topological space £ = (X, T). A system
B C N is called neighborhood base of ¢ if N' = ®'(BB) where @' is the map
defined in Definition We also say that B generates N. [ |

In general, for a given topology there exists more than one neighborhood base.

Remark 5.84
Given a topological space &, the system A °P" is a neighborhood base of £ by

Lemma . |

Definition 5.85

Let £ = (X, T) be a topological space and A C X. A system B C NV (A) is called
neighborhood base of A if ®(B) = N(A). If, in addition, A = {z} for some
x € X, then B is called neighborhood base of z. |

Again, for a given topology and a given set A C X, in general, more than one

neighborhood base of A exists.
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Lemma 5.86
Let £ = (X, T) be a topological space, B a neighboorhood base of £, and = € X.
Then B {z} is a neighborhood base of x.

Proof. This follows by Lemma . O

Notice that, given a neighborhood base B of a topological space (X,7T) and
A C X, B{A) need not be a neighborhood base of A, because generally equality

in Lemma may not hold.
Remark 5.87
Let (X, T) be a topological space and A C X. The following statements hold:

(i) Every neighborhood base of A is a filter base for N'(A).
(i) The system N “P“"(A) is a neighborhood base of A by Lemma (i)

Notice that N €°¢d( A) need not be a neighborhood base of A. |

There is a straightforward way to obtain a neighborhood base of a topological

space from a topological base demonstrated in the following Lemma.

Lemma 5.88
Given a topological space £ = (X,T) and a base A for T. Then the structure
relation B defined by

(z,U) e B <= Ue A(x)

is a neighborhood base of £. For every x € X, A(x) is a neighborhood base of

that has solely open member sets.

Proof. Let x € X and V€ N{z}. We may choose W € T such that z € WC V,
and U € A such that x € UC W. Then (z,U) € B. The second claim is obvious.
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We now address the following two questions: For a given topological space, can a
topological base be constructed from a neighborhood base? And: Without spec-
ifying a topology beforehand, when is a given structure relation a neighborhood

base of some topology?

Lemma 5.89
Let (X, T) be a topological space and B a neighborhood base that has only open
member sets. The system B [X] = |J,.x B{z} is a topological base.

Proof. Exercise. |

Concerning the second question we proceed similarly as in the case of neighbor-
hood systems and derive a list of properties of a neighborhood base and then
show below that if a structure relation on a set X has these properties, then
there is a topology 7 on X such that the structure relation is a neighborhood
base of (X, T).

Lemma 5.90
Let B be a neighborhood base of a topological space. B has the following prop-

erties:

(i) Vee X B{z}#0

(ii) Ve e X VUeB{z} z€U

(iii) Ve e X VU, VeB{z} IWeB{z} WcCUNV

(iv) Vee X vUeB{z} 3IVeB{z} VyeV IWeB{y} WcU

Proof. This follows by Lemma [5.78 (]
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Lemma 5.91
Let X be a set and B C X x P(X) such that properties ({il) to in Lemmal[5.90]
are satisfied. There is a unique topology 7 on X such that B is a neighborhood
base of (X, T).

Proof. The structure relation N' = ®'(B) satisfies conditions (i) to (v in Lemma
[(.78] Hence there exists a topology 7 on X by Lemma [5.79] such that A is
neighborhood system of (X,7), and thus B is a neighborhood base of (X, 7).

]

Recall that a topological space that has a countable base is called second count-
able. The following definition refers to the cardinality of the neighborhood base
of every point of X.

Definition 5.92

Let £ = (X, T) be a topological space. If there is a neighborhood base B of &
such that B{z} is countable for every x € X, then the space ¢ or the topology
T is called first countable. |

Example 5.93
Given a set X, the discrete topology Tgis on X, and a point x € X, the neigh-
borhood system of x is Tais(x). Tais is clearly first countable. |

Example 5.94
Given a set X, the indiscrete topology Tin on X, and a point x € X, the neigh-
borhood system of x is {X}. [ |

Lemma 5.95

A second countable topological space (X, T) is also first countable.
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Proof. This follows by Lemma [5.88 O

Lemma 5.96
Let (X,7T) be a first countable topological space and x € X. There is a neigh-
borhood base {B,, : m € N} of = such that all B,, (m € N) are open and

Ym,neN m<n — B, C B,

Proof. By Lemma [5.88] we may choose a neighborhood base {C,, : m € N}
for x such that all C,, (m € N) are open. For every n € N we define B,, =
N{Cm : m e N, m <n}. O

We conclude this section with a criterion for the comparison of two topologies

on the same set in terms of neighborhoods and neighborhood bases.

Lemma 5.97
Let 71 and T3 be two topologies on a set X, N7 and AN their respective neigh-
borhood systems, and B; and B> two neighborhood bases generating A7 and N>,

respectively. The following three statements are equivalent:
i) T2CTh
(ii) Vz € X MNo{z} C NMi{x}

(iii) Vo € X Bo{w} C4 Bi{z}

Proof. Since Bi{z} is a filter base for N7{z}, and Ba{z} is a filter base for No{x}
by Remark , statements and are equivalent by Lemma .
The fact that implies follows by the definition of neighborhood system.
The converse implication follows by Lemma . O
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5.5 Interval topology

In this and in the next Section we discuss two specific kinds of topologies: those

associated to pre-orderings with full field, and those generated by pseudo-metrics.

Lemma and Definition 5.98

Given a pre-ordered space (X, R) where R has full field, the system
S = {]—o00,a[, Jz,00[ : z € X} U{O}

is a topological subbase on X. The generated topology is called R-interval
topology, or short interval topology, and also written 7(R). If Y C X is

order dense, then also the system
R = {]-o00,y[, ly, 0] : y € Y} U{O}
is a subbase for the interval topology.

Proof. We first show that S is a topological subbase by Lemma Since R
has full field, there is, for each € X, a point y € X such that x € |—oco,y[ or
x € Jy,00[. Tt follows that [JS = X, and clearly S # O.

If Y is order dense, then S C ©(R) by Remark and therefore JR = X.
Thus R is a topological subbase. Moreover, ¥(S) C YO (R) C OV (R) by
Lemma and hence O ¥ (S) C © U (R). Therefore R and S generate the
same topology. |

Notice that for some pre-ordered spaces (X, <) the system
A= {]-00,2[, |z,00[ : 2 € X}

may contain @) or may not have the finite intersection property. In these two

cases A alone (without explicitly including @) is a topological subbase.
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Under additional assumptions on the pre-ordered space, canonical bases for the

interval topology can be specified.

Lemma 5.99
Let (X, <) be a pre-ordered space where < has full field and the systems

S_ ={]-oc0,z[ : z € X} U{D}, St ={]z,00] : z € X} U{O}

satisfy U(S_) = S_ and ¥(S;) = Sy, that is S_ and S are fixed points of ¥.
Further let

S=8US8_, A={lz,yl : z,ye X, <y} U{D}

The system AU S is a base for the interval topology. If < has full domain and
full range, then A alone is a base for the interval topology.

Furthermore, let Y C X be an order dense set such that the systems
R_={]-o00,z] : z €Y} U{0}, Ry ={]z,0] : z €Y} U{OD}
satisfy W(R_) = R_ and ¥(R4+) = R4. Moreover, let
R =R_UTR,, B={lz,y[ : 2,y €Y, z <y} U{O}

Then BUTR is a base for the interval topology. If < has full domain and full

range, then B alone is a base for the interval topology.

Proof. To prove that AU S is a base for the interval topology, we show that
U(S)=AUS. Let @ # A € U(S). We have

(A=Ag) VvV (A=Ar) V (A=AgNAFp)
where

Ag = ﬂ{]x,oo[ cx€eE}, Ap = m{]—oo,y[ :y€F}
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and E, F C X are index sets. Since S_ and Sy are fixed points of U, there are
points x,y € X such that Ag = |z, 00] and Ap = ]—o00,y].

To prove the second claim we show that © ¥(S) = O(A) under the given con-
ditions. We may choose A, Ag, and Ap as above. Since < has full domain, we
have

Ag = Jz,00[ = U{}x,z[ czeX, v <z}
by Remark Thus, if A = Ag, then A € ©(A). Similarly, since < has full

range, we have

Ap = ]—o0,y] = U{]z,y[ czeX, 2=y}

Hence, if A = Ap, then A € ©(A). If A = Ag N Ap, we have A = |x,y[ and
therefore A € O(A).

To see that BUTR is a base for the interval topology, we show that U(R) = BUR.
Let @ # B € ¥(R). Since R_ and R4 are fixed points of ¥, we have either
B = Ju,00[ or B= ]—o0,v[ or B = |u,v] where u,v €Y.

The last claim follows by Remarks [2:28) and O

Note that in the particular case in which < is a connective pre-ordering each of
the systems S_, Sy, R_, and R is a fixed point of ¥ by Lemma [3.60
In order to handle conditions such as those of Lemmal5.99|in a stringent manner,

we define the following notions.

Definition 5.100
Let (X, <) be a pre-ordered space. If the systems

S_ ={]-o0,z[ : z € X} U{0D}, S; ={]z,00] : z € X} U{0}

are fixed points of U, we say that < has the interval intersection property.
If, in addition, < has full domain and full range, then < is called interval

relation. [ |
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Definition 5.101

The interval topology of (R, <), where < is the standard ordering in the sense
of 7<” on R, is called standard topology on R. The interval topology on
(R4, <) is called standard topology on R,. [ ]

Remark 5.102
The system {]—o0,z[, Jz,00[ : # € R} is a subbase for the standard topology

on R. The ordering < is an interval relation on R. Thus the system
{lz,yl : 2,y eR, z <y} U{O}

is a base for the standard topology by Lemma Moreover, the system
{1,y : 2,y e D, z <y} U{D}

is a base for the same topology by Lemmas and Hence the standard
topology on R is second countable by Remark and Lemma [3.69 ]
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Remark 5.103
The system
S ={]-00,a[, |z, 00[ : zERy}

is a subbase for the standard topology on R, . Let
A={lz,yl : z,y e Ry, z <y} U{D}

The system S U A is a base for the standard topology by Lemma [5.99] The
relation < has the interval intersection property. However it is not an interval

relation because it has a minimum. Further let
R = {]—oo,x[, Jz,00] : w € D+}, B= {]x,y[ cxyyeDy, < y} u{0o}

The system R U B is a base for the same topology by Lemmas and
Hence the standard topology on R is second countable by Corollary and
Lemmas [3.69] and [3.70)] . |

We now generalize the concept of interval topology to the case of a system of

pre-orderings on the same set X.
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Lemma and Definition 5.104
Let X be a set and R a system of pre-orderings on X where R has full field.
Then the system

S={]-00,2[p, Jz,0[p : € X, RER}U{D}

is a topological subbase. The topology generated by S is called R-interval
topology, and written 7(R). Further let Y C X be R-dense in X. Then

Q { ayRa]yaOO[R:yEKRGR}U{Q}
is a subbase for the same topology.

Proof. To see that S is a topological subbase, note that for every z € X there
is R € R and y € X such that x € |—o0,y[, or € ]y,00[ . It follows that
US = X, and clearly S # @.

To see the second claim, assume that Y is R-dense. Then S C ©(Q) by Re-
mark and therefore | JQ = X. Thus Q is a topological subbase. Moreover,
U(S) C ¥O(Q) C OV (Q) by Lemma and hence O U (S) C OV (Q).
Therefore Q and S generate the same topology. O

Lemma 5.105

Let X be a set and R a system of pre-orderings on X where R is independent
and has full field. Further let S = (|R. Then we have 7(R) C 7(5). If R is
finite, then 7(5) C 7(R)

Proof. This follows by Lemma O

Example is an important example of the construction defined in Defini-
tion We introduce the following notion.
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Definition 5.106

Let n € N, n > 1, and (X;, R;) = (R, <) for every i € N, 1 < ¢ < n. Further let
X = X:;l X, and R = {pi_l [Ri] :i1eN,1<i< n} The R-interval topology
on R" is called standard topology on R™. |

Remark 5.107
With definitions as in Definition [5.106} the system

S={]-00,2[p, Jz,0[p : €D, RER}

is a subbase for the standard topology on R" by Lemma Since ¥(S) is a
base, this topology is second countable by Remark and Lemmas
and Let S = ()R. Since R is independent, the S-interval topology is the
standard topology on R™ by Lemma Since S is an interval relation, the
system

{Jz,y[ : 2,y €R™, (z,y) € S} U{0},

where the interval refers to the ordering S, is a base for this topology by
Lemma Similarly, it is clear that the system

{lz,y[ : z,y €D, (z,y) € S} U{O}

is a base for the same topology. |

Similarly, a standard topology on any finite product of positive reals can be

defined as follows.

Definition 5.108

Let n € N, n > 1, and (X;, R;) = (R4, <) for every i € N, 1 < ¢ < n. Further
let R = {pjl [R;] : i €N, 1<i<n}. The R-interval topology on R’} is called
standard topology on R7}. [ |
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Remark 5.109
With definitions as in Definition [5.108] the system

S§={]-00,2[p, Ju,00[p : z €D}, ReR}

is a subbase for the standard topology on R’} by Lemma |5.104] Since ¥(S) is a
base, this topology is second countable by Corollary and Lemmas [3.69]
and R is upwards independent, but not downwards independent. |

It is possible to construct other topologies on a pre-ordered space. While using all
improper intervals and the empty set as a subbase in Lemma and Definition [5.98
we may use only the lower or only the upper segments, respectively supplemented

by the empty set, as subbase as done in the following Lemma.
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Lemma 5.110

Let (X, <) be a pre-ordered space. If < has full domain, then the system

S_={]-o0,z[ : z € X} U{0O}
is a topological subbase on X. If < has full range, then the system
St ={]z,00] : € X} U{O}

is a topological subbase on X.

Let Y C X be order dense. If < has full domain, then the system
R ={]-o0,yl : y e Y} U{0}

is a topological subbase on X. If < has full range, then the system
Ry ={ly,00[ : yc Y} U{0}

is a topological subbase on X.

Proof. Exercise.

Clearly, if a topological subbase is a fixed point of ¥, it is a base for its generated

topology. In case of the interval topology it is, under certain conditions, even a

topology if we only include X to the set system.
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Lemma 5.111
Let (X, <) be a totally ordered space in the sense of ”<”. We define the systems

S_

{]-00,2[ : € X} U{0D, X},

Si = {lz,0[ : 2 € X} U{0D, X}

If < has the least upper bound property, then ©(S_) = S_ and ©(S;) =S;. In

this case, S_ and &y are topologies on X.

Proof. Let I be an index set, x; € X (i € I), and A= {x; : i € I}. If A has no
upper bound, then we have X = J,.; |00, z;[ . If A has an upper bound, let =
be the supremum of A. Then we have |—oo,z[ = (J;o; |—00, ;[ . It follows that
O(S-) = S_. The second equation follows similarly by Theorem Since S_
and S, are fixed points of ¥, the last claim follows. (]

Example 5.112
Let < denote the standard ordering in the sense of ”<” on R. The system

T = {]—oo,x[ cx € ]R} u{0, X}
is a topology on R. The system
{]-00,2[ : z € D} U{D}

is a base for this topology. ]
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Example 5.113
Let < denote the standard ordering in the sense of ”<” on R. Notice that we

have x € ]—o0, z[ for every z € R. The system
{]-00,2[ : z €e R} U{O}
is a topological base. However, the system
{]-00,2[ : z € D} U{O}

is not a base for the generated topology. The conditions of Lemma [5.110| are not

satisfied as D is not order dense. [ |

5.6 Pseudo-metrics

In this Section we consider topologies generated by pseudo-metrics and metrics.
Some of the most important examples of metric spaces are the real numbers R
and their n-fold Cartesian product R” together with the Euclidean metric. This
metric is only introduced in Chapter [§ as it requires the definition of the square
root function on the reals. The concept of pseudo-metric space can be generalized
to that of uniform space, which is a set together with a system of—generally more
than one—pseudo-metrics.

We start with the basic definitions.
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Definition 5.114
Given a set X, a pseudo-metric on X is a map d : X x X — R, with the

following properties:
(i) Ve e X d(z,z)=0
(ii) Vo,y € X d(y,x) =d(x,y) (symmetry)
(iii) Va,y,z € X d(x,z) <d(z,y) +d(y,z) (triangle inequality)

The pair (X,d) is called pseudo-metric space. The map d is called metric
on X if the following statement holds instead of :

(i) Ve,ye X z2=y <= d(z,y)=0

In this case (X, d) is called metric space. [ |

Definition 5.115
Given a pseudo-metric space (X, d), d is called bounded if there is r € R such
that

Ve,y € X d(z,y)<r

|
Remark 5.116
Given a set X and a bounded pseudo-metric d on X, we have
sup{d(agy) D x,y € X} < 00
by Lemma |4.39 u

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
notions



5.6 Pseudo-metrics 57

Example 5.117
Let X be a set and (Y, d) a bounded pseudo-metric space. The map

D:YXX YX HR-‘-’ D(fag): SuszXd(f(m)hg(x))

is a bounded pseudo-metric on YX. If d is a metric, then D is a metric. |

Definition 5.118
Let (X,dx) and (Y, dy) be pseudo-metric spaces and f : X — Y a surjective
map. f is called isometry if dy (f(x), f(y)) = dx(x,y) for every z,y € X. W

In the following it is shown how a topology can be related to a given pseudo-
metric on a set X. In this sense, a pseudo-metric space is a special case of a

topological space.
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Lemma and Definition 5.119
Let (X, d) be a pseudo-metric space. We define the function

B:Xx]0,00] — P(X), B(z,r)={yeX :d(z,y)<r}

Further let R C ]0,00[ such that for every K € ]0,00[ there exists r € R with
r < K. The system

B = {B(z,r) : z € X, r € R} U{0}

is a topological base on X. The topology ©(B) is called pseudo-metric topol-
ogy of (X, d). This topology is also denoted by 7(d). The definition of 7(d) is
independent of the choice of R. We say that d generates 7(d).

If d is a metric, then 7(d) is also called metric topology. For every r € 0, co|
and z € X, the set B(z,r) is 7(d)-open. It is called open sphere about = with
d-radius r. For every r € ]0,00[ and z € X, the set {y € X : d(z,y) <r}is
7(d)-closed. It is called closed sphere about x with d-radius r. Moreover,
the system

C= {(m,B(az,T)) crxeX, re R}

is a neighborhood base of (X, 7(d)).

Proof. The claims that B is a topological base on X and that closed spheres
are closed sets follow by Lemma and Definition and the triangle inequality
(exercise).

Now it is clear that C is a neighborhood base.

To see that 7(d) is independent of the choice of the radii, let, for i € {1,2},
R; C ]0,00[ such that for every K € ]0,00[ there exists r € R; with r < K. We
denote by 7; (i € {1,2}) the respective pseudo-metric topologies. For i € {1, 2},
the system

Ci = {(m,B(xm)) cxe X, re Ri}
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is a neighborhood base of (X, 7;). For every x € X we have Co{x} C, C1{x} and
Ci{z} C4 Co{x}. It follows by Lemma that 71 = Ts. O

Note that we may choose R = ]0,00[ in Lemma and Definition [5.119

Example 5.120

Let X be aset and d: X x X — R, a map with d(z,x) = 0 for every z € X,
and d(z,y) =1 for every x,y € X with z # y. Then d is a bounded metric, and
7(d) is the discrete topology on X. [ ]

Example 5.121

Let X beaset and d: X x X — Ry a map with d(z,y) = 0 for every z,y € X.
Then d is a bounded pseudo-metric, and 7(d) is the indiscrete topology on X.
|

Lemma 5.122
The function d : R x R — Ry, d(z,y) = |z — y|, is a metric. The generated
topology 7(d) is the standard topology on R.

Proof. Exercise. O

Lemma and Definition 5.123
Let n € N with n > 1. The function

d:R"xR" — Ry, d(z,y) =max{|zx —y| : k€N, 1 <k <n}

is a metric. It is called maximum metric on R".

Proof. Exercise. O
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It is shown in Chapter [8| that the topology generated by the maximum metric is
the standard topology on R".
Given a topological space one may raise the question whether there exists a

metric or pseudo-metric that generates it.

Definition 5.124

Given a topological space £ = (X, 7T), £ is called pseudo-metrizable if there
exists a pseudo-metric d on X such that 7(d) = 7. Similarly, ¢ is called metriz-
able if there exists a metric d on X such that 7(d) = T. ]

Given the fact that pseudo-metric and metric spaces are very important math-
ematical concepts, pseudo-metrizability and metrizability are central features a
topological space may or may not have.

The following Lemma provides a tool to compare the topologies generated by
two different pseudo-metrics on the same set X. In particular, it can be used to

prove that two specific different pseudo-metrics generate the same topology.

Lemma 5.125
Let X be a set. For i € {1,2} let d; be a pseudo-metric on X and define the

function
B;: Xx10,00] — P(X), Bi(z,r)={ye X : di(z,y) <r}

That is, for i € {1,2}, z € X, and r € |0, 00, the set B;(x,r) is the open sphere
about = with d;-radius r. 7(d;) is finer than 7(dz2) iff for every z € X and
r €10, 00, there is s € ]0, 00 such that By(x,s) C Ba(x,r).

Proof. This follows by Lemma O

The following Corollary is an application of Lemma [5.125] It shows that for
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every pseudo-metric space there is a pseudo-metric bounded by 1 that generates

the same topology as the original pseudo-metric.

Corollary 5.126
Let (X, d) be a pseudo-metric space. We define the functions e : X x X — R,

where e(x,y) is the minimum of d(z,y) and 1, and

d(z,y)

[ X xX —Ry, f(:r,y)zm

Both e and f are pseudo-metrics on X. All three pseudo-metrics generate the
same topology. Further, if d is a metric, then each of the maps e and f is a

metric, too.

Proof. Exercise. U

We finally obtain the following result about pseudo-metric topologies.

Theorem 5.127

For every pseudo-metric space the generated topology is first countable.

Proof. We may choose R = D4\{0} in Lemma and Definition [5.119] Then R is
countable by Corollary [£:3] Hence there is a countable neighborhood base of z
for every z € X by Lemma and Definition [5.119 (]
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Chapter 6

Convergence and continuity
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This Chapter is devoted to the notion of convergence, and to the related topics
of limit points, adherence points, continuity of functions, as well as the closure,
interior, and boundary of sets. There are three different concepts of convergence,
which are interrelated: sequences, nets, and filters. Each of these concepts is

treated in one of the following Sections.

6.1 Sequences

The elementary concept of convergence uses sequences as defined in the following

Definition.

Definition 6.1

Given a set X, a sequence in X is a function z : N — X. It is denoted by
(zn, : n € N), or, if it is known from the context that x is a sequence, by the
short notations (z,) or x,. The value z(n) of x at a point n € N is also denoted
by z,. |

In Chapter [5| we have introduced topological spaces and pseudo-metric spaces.
In both cases we may define, using sequences, the notions of convergence, limit
points, and adherence points. It is then demonstrated below that the respec-
tive definitions agree for a pseudo-metric space and the generated pseudo-metric

topology.

Definition 6.2

Let X be a set, (x,) a sequence in X, and ¢(x) a formula. We say that ¢(z,,) is
true eventually, or short ¢(z,) eventually, if there is N € N such that ¢(z,)
is true for every n € N with N < n. We say that ¢(x,) is true frequently, or
short ¢(z,,) frequently, if, for every N € N, there is n € N, N < n such that
o(zy,) is true. |
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Notice that Definition [6.2]is actually not a single definition but provides one def-
inition for each formula ¢(x). In the remainder of the text the notions ”eventu-
ally” and " frequently” are, however, always used together with specific formulae,
not with generic formula variables. Thus Definition should be regarded as
an abbreviated form of writing down a finite number of Definitions. This issue
is similar to the one mentioned in the context of the Separation schema [T.4] and
the Replacement schema [1.47] see the discussion below Axiom

Definition 6.3

Given a topological space (X, T), a subset A C X, and a sequence (z,) in A,
a point z € X is called limit point of (z,) if z, € U eventually for every
U e N{z}. In this case we say that (z,) converges to z, or write x, — x.
The set of all limit points of (z,) is denoted by lim, x,. If (z,) has a limit
point, it is called convergent. If (z,) has a unique limit point, say x, we have
lim,, x, = {z}, and we also write lim, z,, = z. Further, we say that a point
x € X is an adherence point of (z,) if z, € U frequently for every U € N{z}.
The set of all adherence points of (z,,) is denoted by adh,, x,,. If (z,,) has a unique

adherence point, say z, we have adh, z,, = {z}, and we also write adh,, z,, = .
|
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Definition 6.4

Given a pseudo-metric space (X, d), a subset A C X, and a sequence (x,,) in A4,
a point = € X is called limit point of (z,,) if d(z,z,) < € eventually for every
€ € R, e > 0. In this case we say that (x,) converges to xz, or write z,, — x.
Further we say that a point « € X is an adherence point of (z,,) if d(z,z,) < ¢
frequently for every ¢ € R, € > 0. For the limit points and for the adherence
points of (x,) we use the same notations as for limit points and adherence points

of sequences in a topological space. |

Remark 6.5
Let (X,d) be a pseudo-metric space, (z,) a sequence in X, and x € X. Since

D, is dense in R, we have:

(i) = €lim,z, <= (d(z,z,) <e eventually for every € € D;\{0})

(i) z € adh, 2, <= (d(z,z,) <e frequently for every e € Dy\{0})

Obviously a limit point of a sequence in a topological space or in a pseudo-metric
space is also an adherence point of the sequence. In general, a sequence (z,,) can
have more than one adherence point. A sequence can also have more than one

limit point.

Lemma 6.6

Given a topological space (X,7) and a sequence (z,) in X, a point z € X is
a limit point of (x,) iff there is a neighborhood base B of z such that z, € B
eventually for every B € B.

Proof. Exercise. O
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The following Lemma ensures that the repeated definition of the same notions
in Definitions and is meaningful.

Lemma 6.7

Let (X,d) be a pseudo-metric space, (x,) a sequence in X, and + € X. Then
(2,,) converges to x with respect to d in the sense of Definition iff it converges
to x with respect to 7(d) in the sense of Definition

Proof. Exercise. U

Definition 6.8

Let X and Y be two sets, (z,,) a sequence in X, and (y,) a sequence in Y. If
there exists a strictly increasing map f : N — N such that y, = zy(,) for every
n € N, then (y,) is called subsequence of (z,,), or short (y,) C (z,). [ ]

Theorem 6.9
Given a pseudo-metric space (X,d) and a sequence (x,) in X, z is adherence

point of (z,,) iff there exists a subsequence (y,,) C (z,,) such that y, — .

Proof. Assume z € adh, x,. We may choose a bijection f : N — D;\{0} by
Corollary We define a map g : N — N where g(m) is the minimum of

{keN:k>m,dzz) <e}

and e is the minimum of the finite set f[o(m)]. ¢ is clearly unbounded. We

further define a map h : N — N by Recursion as follows:
(i) h(0) = g(0)
(ii) h(o(m)) is the minimum of {k € rang : k > h(m)} for m € N

We have ran h = ran g by the Induction principle, and x4,y — 2. It follows that

Tp(m) — x. Moreover, h is strictly increasing by definition.
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The converse is clear. O

The following result says that an increasing (decreasing) sequence that is bounded

converges, provided certain conditions on the ordering are satisfied.

Lemma 6.10

Let (X, <) be a totally ordered space where < is an interval relation and
has the least upper bound property, (z,) a bounded sequence in X, and
A ={z, : n € N}. The following statements hold:

(i) If (z,,) is increasing, then x,, — sup A with respect to the interval topology.
(ii) If (x,) is decreasing, then x,, — inf A with respect to the interval topology.

Proof. In order to show ({ij), assume that (z,,) is increasing. Since A has an upper
bound, it has a supremum by assumption. This supremum is unique by Lemma

and Definition 2:47} We define z = sup A.
By Lemmas and the system

A={ly.z[ 1y zeX, y<z <z}

is a neighborhood base of x. Now let y,z € X with y < x < z. Assume there
is no m € N such that z,, € |y, z[. Then y is an upper bound of A, which is a
contradiction. Hence there is n € N such that z,, € ]y, z] for every m € N with
m > n since (x,) is increasing.

To see , notice that A has a greatest lower bound if it has a lower bound, by

Theorem The remainder of the proof is similar to that of . ]
Remark 6.11

Notice that (R, <) satisfies the conditions of Lemma by Lemmas [5.102
and 4391 ]
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Lemma 6.12
Let (z,,) be a sequence in R\ {0}. If (z,,) is increasing and unbounded, then

x,; 1 — 0 with respect to the standard topology on R.

Proof. Let y € Ry\{0}. Under the stated conditions, there is m € N such that
xn, >y~ ! for every n € N with n > m. Hence z;! < y for n € N, n. > m by
Corollary and Remark [5.102 O

We may compare the convergence properties of a sequence with respect to two
different topologies on the same set. To this end we introduce the following

notions.

Definition 6.13

Let X be a set and 77 and 73 be two topologies on X. Then 7y is called
sequentially stronger than 75 if z,, — x with respect to 77 implies xz,, — =
with respect to 7Tz for every sequence (z,,) in X and every z € X. 77 and 73 are
called sequentially equivalent if 77 is sequentially stronger than 75 and vice

versa. |

The following is an intuitive result that relates the comparison of two topologies

on the same set to the comparison of sequence convergence.

Lemma 6.14
Let X be a set and 7; and 75 be two topologies on X. If 77 is finer than 75,

then it is also sequentially stronger.

Proof. Assume that 7; is finer than 75 and let (z,) be a sequence in X, x € X,
and z,, — x with respect to 71. For i € {1,2} let N; be the neighborhood system
of (X,7;). We have Nao{z} C Ni{z} by Lemma Thus x,, — = with respect
to 7. O
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The condition under which the converse is true is proven in Section because

a result about the closure of sets is required that is not derived before.

Lemma and Definition 6.15
Let X and Y be two sets, f: X — Y amap, A C X, and (z,) a sequence in A.
Then (f(zy) : n € N) is a sequence in Y, also denoted by (f(x,)) or f(xy).

Proof. This is clear. O

6.2 Nets

In this Section the concept of sequences is generalized by the introduction of

nets.

Definition 6.16

Given a set X and a directed space (D, <), a function z : D — X is called a
net in X. It is denoted by (z, : n € D), or, if it is known from the context
that x is a net with some domain D, by the short notations (z,) or x,. The

value z(n) of z at a point n € D is also denoted by . [ |

Note that (N, <) is a directed space. Therefore, given a set X, the nets in X that
are of the form (z, : n € N), i.e. those where the directed set is N, are precisely
the sequences in X. In this case the definitions of the notations (z, : n € N),
(2n), and x, for nets in Definition agree with the respective definitions
for sequences in Definition Many of the illustrative properties of sequences

generalize to similar properties of nets.
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Definition 6.17

Let X be aset, (z, : n € D) anet in X, and ¢(z) a formula. We say that ¢(zy,)
is true eventually, or short ¢(z,,) eventually, if there is N € N such that ¢(z,)
is true for every n € N with N < n. We say that ¢(x,) is true frequently, or
short ¢(z,,) frequently, if, for every N € N, there is n € N with N < n such
that ¢(z,,) is true. ]

Notice that in the case D = N Definition|6.17|agrees with Definition [6.2| where the
same notions are defined for sequences. Regarding the usage of formula variables
in Definition the same remarks apply as with respect to Definition [6.2

Definition 6.18

Given a topological space (X,T), a subset A C X, and a net (z, : n € D)
in A, a point z € X is called limit point of (z,) if x, € U eventually for every
U e N{z}. In this case we say that (z,) converges to z, or write z,, — x. The
set of all limit points of (z,) is denoted by lim, x,. If (z,) has a limit point,
it is called convergent. If (z,) has a unique limit point, say x, we also write
lim, x,, = x. Further, we say that a point x € X is an adherence point of
(xn) if ,, € U frequently for every U € N{z}. The set of all adherence points
of (z,) is denoted by adh,, z,. If (x,) has a unique adherence point, say x, we

also write adh,, x,, = x. [ |

Notice that every limit point of a net () is also an adherence point. A net can
have more than one limit point. We remark that in the case D = N Definition[6.18§]
agrees with the Definition
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Example 6.19
Let (X,7T) be a topological space, z € X, and < the relation on N'{z} that is
defined by

ULV <« VCU

Then (M{z},<) is a directed space (which justifies the notation <). We may
choose a point zy € X for each U € N{x}. Then (zy : U€ N{z}) is a net in X
and xy — x.

Similarly, if B is a neighborhood base of z and the relation < on B is defined
as above for U,V € B, then (B, <) is a directed space. We may choose a point
xp € X for each B € B. Then (xp: B € B) is anet in X and 25 — x. [ |

The analogue of Lemma [6.6] also holds for nets.

Lemma 6.20

Given a topological space (X,7) and a net (x, : n € D) in X, a point z € X
is a limit point of (x,,) iff there is a neighborhood base B of x such that x,, € B
eventually for every B € B.

Proof. Exercise. O

In the case of a pseudo-metric topology we have the following characterization

of convergence.

Lemma 6.21
Let (X,d) be a pseudo-metric space, (z, : n € D) a net in X, and z € X.
(z,,) converges to x with respect to 7(d) iff the net (d(x,,x) : n € D) converges

to 0 with respect to the standard topology on R,.

Proof. Exercise. O
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Remark 6.22
Let (z,,) be a net in R and « € R. Then we have:

Tp T = |z,—2/—=0

where the limit on the left-hand side is with respect to the standard topology
on R and the limit on the right-hand side is with respect to the standard topology
on R, . ]

We now introduce subnets, which are the analogue of subsequences as defined in
Definition 6.8

Definition 6.23
Given two sets X and Y, and a net (z, :n € D) in X, anet (y, :m€ E)inY
is called subnet of (z,) if there is a map f : E — D such that

(i) Ym € E  ym = Tiim)

(i) vne D 3ImeFE VpeE p>m = f(p)>n
We also use the short notation (y,,) C (). [ ]
Lemma 6.24

Given a topological space (X,T), a net (z,) in X, and a subnet (y,,) C (z,),

the following statements hold:

(1) lim, z, C lim, Ym
(ii) adh,, ¥, C adh, z,

Proof. Exercise. |

Lemma and Definition [2.85] can be used to derive the analogue of Theorem
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for nets.

Theorem 6.25
Given a topological space (X,7) and a net (x, : n € D) in X, a point z € X
is adherence point of (x,,) iff there is a subnet (y. : » € F) C (x,) such that

Ypr —> T

Proof. Assume that = € adh,, z,,. Let the relation < on N{z} be defined as in
Example We define

E={(nU)eDxN{z} : z, €U}

and the relation < on E as the restriction to E of the relation introduced in
Lemma and Definition Then (F, <) is a directed space.

[The relation < is clearly transitive and reflexive. Let (m,U),(n,V) € E,
and W = U NV. Then we have W € N{x}, and there is k& € N such that

k> m,n and 2, € W. It follows that < is a directive relation on F.]

Further let p : D x N{x} — D be the projection on the first component, and
(yr : 7 € E) the net in X such that y = x o p. Then (y,) clearly is a subnet
of (x,,). Furthermore, y, — x.

The converse is clear. OJ

The following Theorem states the existence of a diagonal net that has among its

limit points the limit points of iterated limits.
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Theorem 6.26 (Iterated limits)

Let (X,7T) be a topological space and (D, <) a directed space. Further let
(Em, <) be a directed space for every m € D and F = J,,.p {m} x Ey,. Then
there exists a net (T : r € R) in F such that for every map S : F — X
and every map S’ : D — X with S’(m) € lim, S(m,n) (m € D) we have
lim,, $’(m) C lim, S o T(r). If N¢losed is a neighborhood base, then equality
holds instead of ”C”.

Proof. We define the product directed space (R, <) where R = Dx P and P =
XmeD E,,, the projections p,, : P — E,, (m € D), and the net T: R — F,
T(m,e) = (m,pm(e)) for m € D and e € P. Now let S and S’ be two functions
satisfying the stated conditions.

If §” € lim,, S’(m), and U € N °P*® { S} then there is M € D such that S'(m) €
U for every m € D with m > M. We may choose e € P such that S(m,n) € U
for every m € D with m > M and every n € E,, with n > p,,(e). Hence,
SoT(m,e') €U for every (m,e’) € R with (m,e') > (M,e).

Conversely, assume that A €°%°d is a neighborhood base and let S” € lim, S o
T(r). Further let U € N os¢d {§"1  There are M € D, e € P such that
S(m,pm(€)) € U for every (m,e’) € R with (m,e’) > (M, e). Then, for every
m € D with m > M, we have S(m,n) € U for n € E,,, n > pm(e). It follows
that lim,, S(m,n) C U for every m € D, m > M. Thus S” € lim,, S’ (m). O

Lemma and Definition 6.27
Let X and Y be sets, f: X — Y amap, A C X, and (z,, : n € D) a net in A.
Then (f(z,):n € D) is anet in Y, and also denoted by (f(x,)) or f(z,).

Proof. This is clear. O

The following construction is useful in the context of product spaces.
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Proposition 6.28

Let (D;, R;) (i € I) be directed sets where I is an index set, (D, R) the product
directed set, and p; : D — D; (i € I) the projections. Further let (X,7) be
a topological space, A C X, j € I, and v : D; — A a net in A. The net
y:D — A, y(r) = z(p;(r)), is a subnet of (2,,). Moreover we have

rany =ranz, lim, z,, = lim, y, , adh, =, = adh, y,

Proof. Exercise. U

Definition 6.29

Let I be an index set. For every i € I let (D;, R;) be a directed set, (X;,T;)
be a topological space, A; C X;, and (2!, : n € D;) a net in 4;. Let (D, R)
be the product directed set and p; : D — D; (i € I) the projections. Further
let X = Xiel X; and ¢; : X — X; (¢ € I) be the corresponding projections.
Moreover let A = Xiel A;. Thenet z : D — A defined by g; (m(r)) =g’ (pi(r))
for every i € I and r € D is called product net and denoted by [];.; (7). If
I = o(n)\m for some m,n € N with m < n, then we also write [],_, (z%) for

the product net. If I = N\m for some m € N, then we also write [[,—, (%) for
the product net. |

Lemma 6.30
With definitions as in Definition [6.29] we have for every i € I:

lim, ¢;(z,) = lim,, z° adh, ¢;(z,) = adh,, =,

n

Proof. This follows by Propositon [6.28 (]
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6.3 Filters

We have introduced the notion of filter in Section |[5.3] The concept of filter can
be widely used as an alternative to nets when probing convergence and related
properties. Although in many cases the usage of nets seems more illustrative,

there are cases where filters are advantageous.

Definition 6.31

Given a topological space (X,T) and a filter F on X, a point 2 € X is called
limit point of F if N{z} C F. In this case we say that F converges to z,
written F — x. If F has a limit point, it is called convergent. The set of
all limit points of F is denoted by lim F. Further, a point z € X is called an
adherence point of F if UNF # @ for every U € N{z} and every F € F.
The set of all adherence points of F is denoted by adh F. Let B C F be a filter
base for F. A point z € X is called limit point of B if it is a limit point of F.
In this case we say that B converges to x, written B — z. A point x € X is
called adherence point of B if it is an adherence point of F. The set of all
limit (adherence) points of B is denoted by lim B (adh B). [ |

Example 6.32
Given a topological space (X,7) and a point x € X, we obviously have
N{z} — . [ ]

Example 6.33
The filter in Example [5.63] has no adherence points. [ |

We now establish a connection between sequences and filters, similarly to that
between sequences and nets in Section [6.2] The agreement of the respective limit

and adherence points is shown.
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Lemma and Definition 6.34

Given a set X and a sequence (z,,) in X, the system
F = {F cX:z,€eF eventually}

is a filter. We say that the sequence generates F. The system B =
{Bn : n € N} where B, = {z}, : k>n} (n € N) is a filter base for F. We

also say that the sequence generates B.

Proof. B is a filter base by Lemma and Definition Clearly, F = ®(B). O

Lemma 6.35
Let (X, T) be a topological space, (z,) a sequence in X, and F the filter gener-
ated by (z,). We have lim, x,, =lim F and adh,, z, =adhF.

Proof. Exercise. 0

For a given set X, Lemma and Definition [6.34] introduces an injective map from
the system of all sequences in X to the system of all filters on X, which is clearly
not bijective in general.

Next, two types of connections between nets and filters on a set X are established
and the relationship between their limit and adherence points is investigated.
In the first case a net, the so-called associated net, is defined for a given filter.
However, the limit points and the adherence points of the filter and the associated

net are generally not the same.
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Lemma and Definition 6.36

Let X be a set and denote by < the relation D on P(X). Further let F be a
filter on X and B a filter base for F. Then both (B,<) and (F, <) are directed
spaces. We may choose a point xp € F for each F € F. Then (xp : F € F)
is a net in X. Similarly, we may choose a point xp € B for each B € B. Then
(xp: B € B)isanetin X. If a net in X can be constructed in this way, it is

called associated with F or B, respectively.

Proof. This is obvious. O

Lemma 6.37
Let (X, T) be a topological space, F a filter on X, B a filter base for F, and
(xp: F € F)and (xp : B € B) nets associated with F and B, respectively. Then

the following two statements hold:
(i) imF C limpzp
(ii) im F C limpzp
(iii) adhpzp C adh F
(iv) adhpzp C adh F

Proof. To see (i), let z € limF and U € N{z}. Since U € F, it follows that
zy €U for Ve F,V>U.

To show (fi), let z € limF and U € N{z}. Since U € F, there is B € B such
that B C U. It follows that x4 € U for A € B, A > B.

In order to prove , let © € adhpzp, F € F, and U € N{z}. Then there is
rq with G > F such that z¢ € U. Since we also have xg € F, it follows that
FnU#Q.

To see 7 let z € adhgzp, F € F, and U € N{x}. We may choose B € B
such that B C F. Then there is z4 with A > B such that x4 € U. Since we
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also have x4 € F', it follows that F NU # 0. O

We now show how a filter on X can be defined for a given net in X, and a net in X
can be defined for a given filter on X, such that when starting with any filter
and performing both steps the original filter is obtained. Note that generally
there does not exist any bijection between all nets in X and all filters on X. In
fact, there exists no set that contains every directed space, and therefore there
is no set that contains every net in X. However, limit points and adherence
points agree between corresponding nets and filters in this approach, so a true

equivalence of the two concepts is demonstrated.

Lemma and Definition 6.38

Given a set X and a net (z, : n € D) in X, the system
F = {F cX:z,€eF eventually}

is a filter. We say that (z,) generates F. The system B = {B,, : n € D}
where B,, = {x, : Kk >n} (n € D) is a filter base for F. We also say that (z)

generates B.

Proof. B is a filter base by Lemma and Definition Clearly, we have F =
D(B). |

Notice that Lemma and Definition does not refer to any topology on X.

Lemma 6.39
Let (X, T) be a topological space, (z,,) anet in X, F the filter generated by (z,,),
and x € X. We have lim, x,, =lim F and adh, z,, = adh F.

Proof. Exercise. O
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Lemma and Definition 6.40
Let X be a set, F a filter on X, B a filter base for F, and

D={(z,B) : v € Be B}
Let the relation < on D be defined as follows:
(¢,B) < (y,C) <= CCB

Then (D,<) is a directed space (which justifies the notation). The net
(rp :n € D) in X where z(, gy = x for every (x,B) € D is called generated
by B.

The filter generated by (z,,) is F.

Proof. (D, <) clearly is a directed space.

Let G be the filter generated by (zy,).

To see that G C F, let G € G. Then there is n € D such that z, € G for
k € D, k > n. Moreover there is B € B such that n = (z,, B). Then we have
xp € Bfor k€ D,k >n. Now let € B. Then (z, B) > (x,, B), and therefore
T = Z(y,B) € G. Thus we have B C G. It follows that G € F.

Conversely, let B € B. We may choose z € B and define n = (z, B). It follows
that xz € B for k € D, k > n. Thus we obtain B € G. O

Notice that also Lemma and Definition does not refer to any topology on X.
The following is the analogue to Theorems and where similar results for

sequences and nets are proven, respectively.

Theorem 6.41
Let (X, T) be a topological space and F a filter on X. A point z € X is an
adherence point of F iff there is a filter G finer than F such that G — x.
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Proof. First let x € adh F. Then the system
G={FNU : FeF, UeN{z}}

is a filter. Moreover, we have F C G and G — .
Conversely, if there exists a filter G finer than F with G — x, then N{z} C G.
It follows that F N U # @ for every F € F and U € N'{x}. O

We now briefly analyse how filter bases behave under mappings und thereby

introduce the notions of image filter and inverse image filter.

Lemma and Definition 6.42

Let X and Y be two sets, B a filter base on X, and f: X — Y a map. Then
fIB] is a filter base on Y. The generated filter @ (f [B]) is called image filter
of B under f.

Proof. Exercise. U

Notice that, even if B in Lemma and Definition is a filter on X, the image
f[B] need not be a filter on Y.

Lemma 6.43
With definitions as in Lemma and Definition we have @ (f[B]) =
@ (f[®(B)]), that is the image filter of a filter base and of its generated filter are

the same.

Proof. Exercise. O

Lemma and Definition 6.44
Let X and Y be two sets, B a filter base on Y, and f : X — Y a surjective map.
Then f~![B] is a filter base for a filter on X. The generated filter ® (f~* [B])

is called inverse image filter of 5 under f.
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Proof. Exercise. 0

Again, f~![B] need not be a filter on X, even if B is a filter on Y.

6.4 Continuous functions

The topic of this Section are continuous functions. We introduce three types of
continuity and then show how they are interrelated. The first one does not refer
to any topology or pseudo-metric. It is based on two filters, one on the domain
of the function and the other on its range. Moreover, it is a local definition, i.e.
it refers to a single point of the domain. The second definition is based on two
topologies, one on the domain and the other on the range. There we introduce
both continuity in a point and continuity of the whole function. The third type of
continuity is introduced in the context of pseudo-metric spaces and a priori does
not refer to any topology. Also in this case a local and global form of continuity
is defined. It is then shown that continuity with respect to pseudo-metrics is
equivalent to continuity with respect to the generated topologies. Finally we

analyse the special case of interval topologies.

Lemma and Definition 6.45

Let X,Y be twosets, f: X — Y a function, z € X, y = f(z), F, a filter on X
such that z is a cluster point of 7, and F, a filter on Y such that y is a cluster
point of F, . f is called F, -F,-continuous in z if F, C, f[F.].

Further, let B, and B, be filter bases for F, and F,, respectively. Then f is
Fr-Fy -continuous in z iff B, C, f[B.].

Proof. Exercise. |
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Definition 6.46
Given two topological spaces (X,Tx), (Y,Ty), amap f: X — Y, and a point
x € X, f is called Tx-Ty -continuous in z, or short continuous in =z, if

T (f(@)] CTx . [

The following Theorem shows how the two types of continuity are related and

provides various characterizations of continuity of a function in a point.

Theorem 6.47
Given two topological spaces (X, Tx) and (Y, Ty), amap f : X — Y, a subbase
Sy for Ty, a point x € X, and a neighborhood base £ of x, the following

statements are equivalent:

(i) f is continuous in .

(ii) fH[Sy(f(=)] € Tx

(i) Sy(f(z)) 4 FIE]

(iv) fTHIN{f(@)}] € N{z}

(v) N{f(x)} Cy fFIN{a}], ie. fis N{z}-N{f(x)}-continuous in z.
(vi) For every filter base B on X, B — x implies f [B] — f(x).
(vii) For every net (z,,) in X, &, — a implies f(z,,) — f(x).

Proof. We show the equivalence of (i) to , and then the equivalence of
to (7).

The implication from ({il) to is clear.

To show that(i) implies (i), let S € Sy (f(x)). Then we have f~'[S] € Tx by
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assumption. We may choose B € & such that B C f~![S]. It follows that
fIBlc i ts)) cs

To see that implies (iv]), let U € N'{f(z)}. There are S; € Sy (i € I), where
I is a finite index set, such that f(x) € S; for every ¢ € I and S C U where
S = ;e; Si- For every i € I, we may choose B; € £ such that f[B;] C S; by
assumption. We define B = (\,.; B;. It follows that z € B C f~! [U].

To show that implies (i), let U € Ty with f(z) € U. Further let z € =1 [U].
By Lemma we have U € N{f(2)}, and therefore f~1[U] € N{z} by
assumption. Thus f~![U] € Tx by Lemma .

To show that implies (vil), let (z,, : n € D) be a net in X with , — z, and
let U € N{f(x)}. By assumption we have f~! [U] € N{z}. Thereis n € D such
that xy, € f~1[U] for k € D, k > n. It follows that f(zx) € U for k € D, k > n.
To prove that implies , let B be a filter base on X with B — z. Further
let F = ®(B), (z, : n € D) the net generated by F, and U € N{f(z)}. It
follows that x, — x, and thus f(z,) — f(z) by assumption. Let (y,, : m € E)
be the net generated by f [F]. Then we have lim,, f(z,) C lim,, ym, .

[Let r € lim,, f(z,) and U € N{r}. We may choose (z,F) = n € D such
that f(zx) € U for k € D, k > n. Let e = (f(2), f[F]). We clearly have
e € E. Now let (v,V) =g € E with ¢ > e. We define C = Fn f~1[V].
There is A € F such that f[A] =V. Since FNA € F and A C f~1[V], we
have C € F. Further we have f[C] = V (exercise). Hence there is ¢ € C
with f(¢) = v. Thus we have g = (f(c¢), f[C]). Since (¢,C) > (2, F), we
have y, = f(c) = f (z(c,c)) € U]

It follows that f [F] — f(z), and thus f [B] — f(z) by Lemma [6.43]

To prove that implies , note that N{z} is a filter base on X with

N{z} — . Thus we have f[N{z}] — f(z) by assumption. Let U € N{f(x)}.

It follows that there is V' € N{x} such that f[V] C U.
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To see that ([v) implies (iv]), let U € N'{f(x)}. By assumption there is V € N{xz}
such that f[V] c U. It follows that V C f~![U], and thus f~![U] € N{x}.
|

Definition 6.48

Given two topological spaces (X,7x), (Y,7y) and amap f : X — Y, f is
called Tx -7y -continuous, or short continuous, if f is continuous in x for
every z € X. If f is bijective and if both f and f~! are continuous, then f is

called a Tx -Ty -homeomorphism, or short homeomorphism. |

Theorem 6.49
Let (X, Tx) and (Y, 7y ) be two topological spaces, Cx and Cy the systems of all
closed subsets of X and Y, respectively, Sx a subbase for Tx, and f: X — Y

a map, the following statements are equivalent:

(i) f is continuous.
@) F IS © T
(iii) Vo € X fH[N{f(2)}] € N{z}
(iv) Vo € X N{f(x)} C4 fIN{x}], ie. fis N{z}-N{f(z)}-continuous

in z for every z € X.

(v) For every x € X and every filter base B on X, B — x implies f [B] — f(z).
(vi) For every € X and every net (z,) in X, z, — x implies f(z,) — f(z).
(vii) f71[Ty] C Tx

(viii) f7'[Cy] C Cx

Proof. The equivalence of ({ij) to follows by Theorem
The equivalence of (i) and is obvious.
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Finally, the equivalence of and follows by complementation. ]

Further equivalent statements are proven in Theorem below.

Remark 6.50
Given two topologies 71 and 73 on a set X, 77 is finer than 75 iff idx is 71 -T2 -
continuous. [ |

In the case of a first countable domain space, continuity may be characterized

through the convergence of sequences as follows.

Lemma 6.51
Let (X,7Tx) and (Y, Ty) be two topological spaces where Tx is first countable,
z € X,and f: X — Y a map. Then the following statements are equivalent:

(i) f is continuous in x.
(ii) For every sequence (x,) in X, x,, — x implies f(x,) — f(x).

Proof. clearly implies .

We prove that implies ({if). By Lemma we may choose a neighborhood
base B = {B,, : n € N} of x such that all B,, (n € N) are open and B,, C B, for
every m,n € N with m < n. Assume that is true and that f is not continuous
in z. Then there is U € N{f(x)} such that f~1[U] ¢ N{z} by Theorem
We may choose a sequence (z,,) such that z,, € B, \ f~! [U] for every n € N. It
follows that x, — x, and thus f(x,) — f(x) by assumption. Therefore there is
m € N such that f(x,) € U for n € N, n > m. Hence x,, € f~1[U] forn € N

with n > m, which is a contradiction. O

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
notions



88 Chapter 6. Convergence and continuity

Definition 6.52
Two topological spaces (X, Tx) and (Y, Ty) are called homeomorphic if there
exists a homeomorphism f: X — Y. |

Lemma 6.53
Let (X, 7x), (Y,7y) be homeomorphic topological spaces and let f: X — Y
be a homeomorphism. Then f [Tx] = Ty and f~![Ty] = Tx.

Proof. We have f~![Ty] C Tx by the continuity of f, and f [Tx] C Ty by the

continuity of f~!. We define the functions
F:Tx — Ty, F(A)=f[A];
G: Ty — Tx, G(B)=f"1[B]
It follows that
GoF(A)=["'[f[Al=A, FoGB)=f[f"[B]]=8B
for every A € Tx and B € Ty. Therefore F' and G are bijective. Thus

fl7x] =F[Tx] =Ty, Y] =G[Ty] =Tx

Example 6.54
Let a, b be two sets, and X = {a,b}. Then the systems

T.={0,X{a}}, T ={0 X {b}}

are topologies on X. The topological spaces (X, 7T,) and (X, 7;) are homeomor-

phic, and the function
f:X—>X7 f(a):ba f(b):(l

is a 7, -Ty, -homeomorphism. If a # b, then T, # Ty, . [ |
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Lemma [6.53]| says that two homeomorphic topological spaces are essentially the
same, that is they have all properties in common that are related to their topolo-
gies. For example if a topological space is first or second countable, also its
homeomorphic counterpart is first or second countable, respectively. In some
cases a subspace of a topological space whose properties are known and the
topological space to be analysed are homeomorphic. Then the space in ques-
tion automatically has those properties that are inherited by the subspace. The

following Definition is suitable for such cases.

Definition 6.55
Let (X, 7x) and (Y, 7Ty) be two topological spaces and f : X — Y a map. Then
f is called embedding of X in Y if the map g: X — f[X], g(z) = f(z), is a

homeomorphism. [ ]

We now introduce the third type of continuity, both in a point and globally, viz.

for pseudo-metric spaces.

Definition 6.56
Given two pseudo-metric spaces (X,dx), (Y,dy), amap f: X — Y, and a

point z € X, f is called dx-dy-continuous in z, or short continuous in z, if
Ve € ]0,00[ 36€ 0,00 VyeX dx(z,y)<d = dy(f(z),f(y)) <e

If f is continuous in x for every z € X, then f is called dx-dy-continuous, or

short continuous. |

The following Lemma states that the definitions of continuity for pseudo-metric
spaces and for topological spaces are in agreement with the generation of a topol-

ogy by a pseudo-metric.
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Lemma 6.57
Let (X,dx) and (Y,dy) be pseudo-metric spaces, respectively, f : X — Y a
map, and € X. f is dx-dy-continuous in x iff f is 7(dx)-7(dy )-continuous

in . Further, f is dx-dy-continuous iff f is 7(dx)-7(dy )-continuous.

Proof. To prove the first claim, it is enough to show that f is dx-dy-continuous
in z iff fis N{z}-N{f(z)}-continuous in = by Theorem

First assume that f is dx-dy-continuous in z, and let U € N{f(z)}. By Lemma
and Definition there is 7 € ]0,00[ such that B C U where B is the open
sphere about f(z) with dy-radius r. It follows that there is s € ]0,00[ such
that f[A] C B where A is the open sphere about z with dx-radius s. Since
A € N{z}, this shows that f is N{z}-N{f(x)}-continuous.

Now assume that f is N{z}-N{f(z)}-continuous. Let r € ]0,00[ and B the
open sphere about f(z) with dy-radius 7. Then we have B € N'{f(x)}. There is
C € N{z} such that f[C] C B by assumption. By Lemma and Definition
there is s € ]0,00[ such that A C C where A is the open sphere about = with
dy-radius r. It follows that f is dx-dy-continuous in x.

The second claim follows by the first one. O

Both with respect to filters and with respect to topologies, the composition of

two continuous functions is continuous.

Lemma 6.58

Let (X;,T;) (i € {1,2,3}) be topological spaces, f : X1 — Xsand g : Xo — X3
maps, 1 € X a point, z3 = f(x1), and x5 = g(x2). For every ¢ € {1,2,3} let F;
be a filter on X; such that x; is a cluster point of F;. If f is F;-F5-continuous

in x1 and g is J3-F3-continuous in x5, then g o f is Fj -F3-continuous in 7 .

Proof. Exercise. O
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Lemma 6.59
Let (X;,T;) (i € {1,2,3}) be topological spaces, f : X1 — Xz and g : Xo — X3
maps, and z € X;. If f and g are continuous, then g o f is continuous. If f is

continuous in z, and g is continuous in f(x), then g o f is continuous in z.

Proof. To see the second claim, assume that f is 77 -7 -continuous in x and g is
T3 -Ts -continuous in f(z). Let A € T3(g(f(x)). It follows that =1 [A] € Ta(f(z))
by the continuity of g, and

(go )M A =f" g A eTh

Now the first claim clearly follows. |

We adapt the following convention.

Definition 6.60
Let f C X x Y be a function. If X =R or Y = R, then continuity of f refers to
the standard topology on R unless otherwise specified. |

Definition 6.61

Given a pseudo-metric space (X, d), the function disty, or short dist, defined by
distq : (P(X)\{0}) x (P(X)\{0}) — R
dist4(A, B) = inf {d(z,y) : z € A, y € B}

is called distance. If one of the arguments is a singleton, we also write disty(A, x)
and disty(z, B) instead of distq(A, {z}) and disty({z}, B), respectively, where
reX. |

Notice that the range of the distance is clearly a subset of R, .
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Lemma 6.62
Given a pseudo-metric space (X, d) and a set A C X where A # (), the function
f: X — R, f(x) =dist(A,x) is continuous.

Proof. Let x € X and U € N{f(x)}. We may choose ¢ € R such that
[f(x) =&, f(z)+e[ CU
Let w,v € X. Then we have
d(z,v) < d(z,u) + d(u,v), d(u,v) < d(u,z) + d(z,v)

and hence

f@) <d(z,u)+ fw),  fu) <d(z,u)+ f(z)

by Lemmas and It follows that |f(z) — f(u)] < d(x,u). Thus
fB(z,e)] CU. O

In the case of interval topologies, continuity can by characterized in the following

way.
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Remark 6.63
Let X and Y be two sets, R and S systems of pre-orderings on X and Y,
respectively, f : X — Y a function, and z € X. The following statements are

equivalent by Theorem (i) :

(i) f is continuous in .

(ii) For every S € S and y € Y with (y, f(z)) € S there is a finite index set K

and, for every k € K, a pre-ordering Ry € R, a point z; € X, and an
interval with either I, = ]|—o00, k[ g, or Iy = |og, o[ gy, such that
€ Nyer Do and f [Neg In] C Jy, 00 -
Moreover, for every S € S and y € Y with (f(z),y) € S there is a finite
index set K and, for every k € K, a pre-ordering Ry € R, a point z € X,
and an interval with either I, = |—00, zi[ g,y or Iy = ]z, 00[ gy, » such
that © € Nyex Ik and f [Npex Ir] C 1—00,y[ -

Finally, we introduce the notions of open and closed maps in this Section, which
are, for example, relevant in the proof of Theorem where a metric space is

generated from a pseudo-metric space.

Definition 6.64

Let (X, 7Tx) and (Y, 7y) be two topological spaces, Cx and Cy the systems of
all Tx -closed and all Ty -closed sets, respectively, and f : X — Y a map. If
f7x] € Ty, then f is called Tx -Ty -open, or short open. If f[Cx] C Cy,
then f is called Tx -7y -closed, or short closed. [ |
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Lemma 6.65
Let (X, Tx), (Y, Ty) be two topological spaces, B a base for Tx, and f: X — Y

a map. Then the following statements are equivalent:
(i) f is open.
(i) f[B] c Ty
Proof. Note that implies ({i) by Lemma . O

Lemma 6.66
With definitions as in Lemma[6.57] if f is an isometry, then f is continuous and

open.

Proof. Assume that f is an isometry. Let © € X, y € Y, and r € ]0,00].
We have f[B(x,r)] = B(f(x),r). Thus f is open by Lemma Moreover,
we have f~'[B(y,r)] = U{B(z,7) : z€ f~'{y}}. Hence f is continuous by
Theorem . g

6.5 Closure, interior, derived set, boundary

We now investigate, for a given topological space (X, 7) and an arbitrary subset
A C X, points whose neighborhood system has particular properties with respect
to the set A. Specifically, we introduce the notions of interior points and their
ensemble, called the interior of the set, accumulation points and their ensemble,
the derived set, boundary points and their ensemble, called the boundary of the

set, and finally the closure of the set.
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Definition 6.67

Let £ = (X,T) be a topological space and A C X. A point z € X is called
interior point of A if A € N{z}. The set of all interior points of A is called
the interior of A and is denoted by int¢(A) or intgA. If the set X is evident
from the context, we also write int7(A) or int7A. If the topological space is

evident from the context, we also write int(A), int A, or A°. [ |

The following is a characterization of the interior of a set.

Lemma 6.68
Let (X, T) be a topological space, A C X,and A={U € T : U C A}. We have

A=A =supA eT

where the supremum is with respect to the ordering C on P(X). A° is the largest

open set contained in A, i.e. it is the maximum of A.

Proof. Exercise. O

Definition 6.69

Let £ = (X,T) be a topological space and A C X. A point x € X is called
accumulation point of A if (ANU)\{z} # O for every U € N{x}. The set
of all accumulation points of A is called the derived set of A and is denoted
by derg(A) or dergA. If the set X is evident from the context, we also write
dery(A) or derrA. If the topological space is evident from the context, we also
write der(A), der A, or A9,

The union A U A? is called the closure of A and is denoted by clg(A) or clA.
If the set X is evident from the context, we also write cly(A4) or clyA. If the

topological space is evident from the context, we also write cl(A4), c1 4, or A. W
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The following result is a convenient characterization of the closure of a set.

Lemma 6.70
Let (X,7) be a topological space, C the system of all closed sets, A C X, and
A={BeC: AcC B}. We have

A=NA=infAdecC

where the infimum is with respect to the ordering C on P(X). A is the smallest

closed set containing A, i.e. it is the minimum of A.

Proof. To show the first equation, assume that = ¢ ().A. Then there is B € C
with A C B and = ¢ B. Tt follows that AN B® = (@ and x € B°. Hence x ¢ A%
It is also clear that 2 ¢ A. Therefore we have x ¢ A.

Conversely, assume that 2 ¢ A. Then there is U € N'{x} such that ANU = @.
Hence there is V € T such that x € V. C U. We have ANV = @. It follows that
A C Ve, and hence z ¢ [ A.

The second equation follows by Example 2.50}

To see the last claim, note that A is a lower bound and also a member of A. O

Those points that belong to the closure of a set may be characterized in terms
of the convergence of nets and filters. The following result is applied frequently

in the sequel.
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Theorem 6.71
Let (X, T) be a topological space, A C X, and = € X. The following statements

are equivalent:
(i) ze A
(i) VU eN{z} UNA#0
(iii) There is a net (z,) in A such that =, — «.
(iv) There is a filter F on X such that A € F and F — z.
(v) There is a filter base B on X such that B C P(A) and B — z.
(vi) z € adh F where F={F C X : AC F}

Proof. The equivalence of ([if) and is a direct consequence of Definition
We now show the equivalence of , and to .

To show that (i) implies , let z € A. If x € A, then we may choose a constant
net (r, : n € D) in A with z, = = (n € D). If x € A%, we may choose for
each U € N{z} a point zy € ANU. Since (M{z},D) is a directed space,
(xzy : U € N{z}) is a net. Moreover, zy — x.

To see that implies (iv]), let (z,) be a net in X with values in A such that
2, — x. Further let F be the filter on X generated by (z,). Then we clearly
have A € F and F — z.

To prove that implies , let F be a filter on X such that A € F and F — .
Then B={FNA: F € F}is a filter base on X. Moreover, we have B C P(A)
and B — z.

To show that implies (vi), let B be a filter base on X such that B C P(A)
and B — z. Further let U € N{z} and F € F. There exists B € B such that
B cU. It followsthat B C UNA C UNF.

Finally, to see that implies (i), let # € (adh )\ A and U € N{z}. Since

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
notions



98 Chapter 6. Convergence and continuity

A€ F, wehave ANU # @, and thus (ANU)\{z} # O. It follows that z € A%
(]

The following Theorem provides a characterization of the points of the derived

set.

Theorem 6.72
Let (X,7) be a topological space, A C X, and € X. Then the following

statements are equivalent:
(i) = € A9
(ii) There is a net (z,) in A\{z} such that z,, — x.
(iii) There is a filter base B on X such that B C P(A\{z}) and B — =z.
Proof. We first show that (i) implies . Let 2 € A% It follows that x €
(A\{z})". Since
P
(A\{z})" c A\{z}
there is a net (z,,) in A\{z} such that 2, — = by Theorem [6.71]
To see that implies (i), let (z,,) be a net in X with values in A\ {z} such
that z,, — . Further let F be the filter on X generated by (z,). Then
B={(FNnA\{z}: FeF}

is a filter base on X. Moreover, we have B C P(A\{z}) and B — z.

Finally, to prove that implies (), let B be a filter base on X such that
B C P(A\{z}) and B — z. Further let U € N{x}. There exists B € B such
that B C U. It follows that (A\{z})NU # @. O

In the case of first countability, sequences can be used instead of nets in Theo-

rems [6.71] and [6.72]
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Lemma 6.73
Let (X,T) be a topological space that is first countable, A C X, and =z € X.
Then the following statements hold:

(i) @ € A iff there is a sequence (,,) in A such that z,, — x.
(i) = € A? iff there is a sequence (,,) in A\{z} such that z,, — =.

Proof. Exercise. |

For a pseudo-metric space there is a further characterization of the closure of a

set.

Lemma 6.74
Given a pseudo-metric space (X,d) and a subset A C X, we have
A={z e X : dist(A,z) = 0} where the closure is with respect to the pseudo-

metric topology.

Proof. Exercise. O

Definition 6.75

Let £ = (X,T) be a topological space and A C X. A point z € X is called
boundary point of Aif ANU # @ and (X \A)NU # O for every U € N{z}.
The set of all boundary points of A is called the boundary of A and is denoted
by bound¢ (A) or bound¢ A. If the set X is evident from the context, we also write
boundy(A) or boundsA. If the topological space is evident from the context,
we also write bound(A) or bound A, or JA. [ |

We have the following characterizations of the boundary.
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Lemma 6.76
Let (X, T) be a topological space and A C X. The following statements hold:

(i) = € OA iff there is a net (z,,) in A such that x,, — x and a net (y,,) in A°
such that y,, — x.

(il) 0A = ANA°

Proof. Exercise. |

The next Lemma contains various results involving the interior, closure, derived

set, and boundary of a set.
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Lemma 6.77
Let (X,T) be a topological space, C the system of all closed sets, and A C X.
The following statements hold:

(i) A°C A

(ii) 0A eC

(iii) A°NJA =0

(iv) A = A°Ud9A

(v) AeC <= A=A <= AlCA <« 09ACA
(vi) AeT <<= A°=A4

(vii) Ac = (A°)°
(viil) (A°)° = A°

(ix) A=4

(x) 0(0A) C 0A
Proof. follows by Definition m
follows by Lemma (ii).
is obvious.
In order to see (iv]), note that clearly A° C A. Moreover, we have A C A by
Lemma . Conversely, we have A C A° U9A. Moreover, let z € A%\ A if
such a point exists. Then for every U € N{x} we have U N A # @ by definition

and U N A€ # () since = € A°. Hence = € 0A.
The first equivalence of follows by Lemma [6.70] the second by definition, and

the third by .
is obvious.
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To show 7 notice that

(A%)°

(UfveT vcay)

({ve:UeT, UcCA}

= (({cec:4°cc} = 4a°

is a consequence of Lemma (6.68) and (vi).
follows by Lemma (6.70) and ().
@ follows by and @ ]

The interplay of intersection and union with interior, closure, and derived set is

now investigated.

Lemma 6.78
Let (X,7T) be a topological space, A,B C X, and A; C X (i € I) where [ is an

index set. The following statements hold:
(i) (AnB)° = A°NB°

(i) (MNies Ai)o C Mier A7

(ii)) Nies A © Nier Ai

(@) (Mier A0)" € Mies A

(V) Uier 47 € (Uses 41)°

(vi) AUB = AUB

(vii) Uie]E C m

(viii) (AuB)¢ = AU B?

(ix) Uie] A? c (Uie[ Ai)d
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Proof. , , @, and hold by definition.

To see and (iv)), we define B = () A. For every A € A we have B C A and
therefore B C A by Theorem and B? C A? by Theorem m

In order to see , note that

AUB = (A°nB°)° = ((A°NB°)°)" = ((49)°n(B%)°)"

by (i) and Lemma (fvii).
follows by Theorem m
To show notice that (A U B)?Y > A% U B? clearly holds. Conversely, let

r € (AU B)4. Assume there are U,V € N °P*"{z} such that (U N A)\{z} = O
and (VN B)\{z} = @. Thus we have (UNV)N(AUB)) \ {z} = @, which is a

contradiction. O

The following Remarks and Examples demonstrate that stricter statements than

those in Lemma are generally not possible to achieve.

Example 6.79

In order to show that equality does generally not hold in Lemma, (i),
consider the standard ordering < on R and the system of proper intervals
A={]-n"!n7[:neN, n>0}. |

Example 6.80

Generally equality does not hold in and even if I is finite. To see this
consider the standard ordering < on R and the system A = { |—00,0[, |0, 00[ }.
|
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Example 6.81
Generally equality does not hold in even if I is finite. To see this consider
the standard ordering < on R and the system A = {[0,1], [1,2] }. ]

Example 6.82
To see that equality does generally not hold in and consider the standard
ordering < on R and the system A = {[O, 1-— n‘l] :neN n> O}. |

A condition under which the reverse of Lemma is true is provided in
Lemma, [Z.25] below.

It is possible to characterize a topology on a given set X by expressing what it
means to form the closure A of A for every A C X. This characterization is
provided in Theorem below. We begin with listing the relevant properties

of the function that maps a set A on its closure with respect to a given topology.

Definition 6.83
Given a set X, a function f : P(X) — P(X) is called closure operator on X
if it has the following properties:

i) f(9)=0
(i) AC f(A)

(iii) f(AUB) = f(A)U f(B)

The properties (i) to in Definition are called Kuratowski axioms in the
literature, cf. [Gaall.
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Theorem 6.84
Let X be a set, f a closure operator on X, and C = {A C X : f(A) = A}. The
system T = {A° : A € C} is the unique topology on X such that clyA = f(A)

for every A C X. Moreover, we have ran f = C.

Proof. C has properties (i) to in Lemma

[We have @ € C because of property in Definition and X € C
because of property . Further, property implies that AU B € C for
every A, B € C. Finally let A C C where A # 3. We clearly have (A C
f(NA) by property . Moreover, for every A € A we have (| A C A, and
therefore f((A) C f(A) = A, and thus f(().A) C ()A. Hence we obtain
f(NA) =NA, and therefore A € C.]

Therefore 7 is a topology on X by Lemma and C is the system of all

T-closed sets.
Now let A C X. We have f(A) € C by Definition ([iv]). It follows that

drA =(){BecC: AcCB} C f(4A)

by Lemma and Definition . Conversely, for every B € C, A C B
implies f(A) C f(B) = B. Hence we have f(A) C clyA. Thus we obtain
clrA = f(A).

To see the uniqueness, note that for a topology on X with the stated property,
the system of all closed sets is precisely C by Lemma .

The last claim clearly holds. ([

Similarly to the closure operator we introduce the notion of interior operator.
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Definition 6.85
Given a set X, a function f : P(X) — P(X) is called interior operator on X
if it has the following properties:

i) f(X)=X
(i) f(A)cC A

(iii) f(ANB) = f(A)N f(B)

There is a duality between closure and interior operators as follows.

Lemma 6.86
Let X be a set, f : P(X) — P(X) a map, and g : P(X) — P(X) the
map defined by g(A4) = (f(AC))C. We have f(A) = (g(AC))C for every A C X.

Moreover, f is a closure operator on X iff g is an interior operator on X.

Proof. Exercise. O

It follows that a given interior operator on X defines a certain topology on X.

Theorem 6.87

Let X be a set, f : P(X) — P(X) an interior operator on X, and 7 =
{UcCX : f(U)=U}. The system T is the unique topology on X such that
f(A) = int7 A for every A C X. Moreover, we have ran f = T.

Proof. Let g be the closure operator on X defined by g(A) = (f(AC))C for ev-
ery A C X (cf. Lemma [6.86), and 7, = {A° : AC X, g(A) = A}. Then 7,
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is the unique topology on X such that cly,A = g(A) for every A C X by
Theorem [6.840 We have

T, ={UcX:g9U)=U} =T

which shows that 7 is a topology on X.

Moreover, for every A C X we have

F(4) = (9(A9)° = (el (4%))° = int7A
by Lemma . Since the range of g is the system of all closed sets, the
range of f is 7.

To see the uniqueness, notice that a topology on X with the stated property is

equal to 7 by Lemma . |

Using closure and interior we obtain further characterizations of continuity of a

function.

Theorem 6.88
Given two topological spaces (X,Tx), (Y,7y), and a map f : X — Y, the

following statements are equivalent:

(i) f is continuous.

(i) VAc X f[A] c f[4]

(iii) VBCY f-1'[B] c f~'[B]
(ivyVvBCcY f'[B°] c (f'(B])°

Proof. The fact that ({if) implies follows by Theorems and

To prove that implies , let B CY and A = f~'[B]. Then we have

f[A] C B, and thus f [A] C f[A] C B. It follows that
[l =Ac Al ¢ 1 (B]
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To see that implies , let B CY. We have
;B = (@) = 0 ) (FE)
= (FTB)°) = (' 1B)°

To see that implies (i), let 2 € X and U € N{f(z)}. Then we have
f(z) e U°. It follows that

e fHUC] C (FHU° C U]

and thus f~!'[U] € NM{x}. O

In Section we have investigated the convergence of sequences with respect to
comparable topologies on the same set, see Lemmas and In particular,
we have found that if a topology 77 is finer than a topology 73, then 77 is also
sequentially stronger than 75. As shown now the converse implication holds if
the topologies are countable. We also establish similar results for the convergence
properties of filters and nets. In the proofs we follow |[Wilansky].

Proposition 6.89
Let X be a set and 7y, 72 two topologies on X. 7; is finer than 7Ty iff
CIT(l)A C CIT(2)A.

Proof. For i € {1,2} let C; be the system of all T;-closed sets.
First assume that 75 C 77. It follows that C; C C; and therefore

drpAd = ({BeC : Ac B}
C ﬂ{BGCQ : ACB} = CIT(Q)A

by Lemma
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Now assume that cly(1)A C clyg)A for every A C X. Let A € 7. Then we have
A€ € Ca. Moreover, by assumption we have cly(;)A° C cly(2)A° = A°. It follows
that cly(1)A° = A°. Thus we have A° € C;, and hence A € T;. |

Lemma 6.90
Let X be a set, 71 and 73 two topologies on X where 77 is first countable. 77 is
finer than 7y iff 77 is sequentially stronger than 7s.

Proof. First assume that 77 is sequentially stronger than 75. Then we have
clryA C cly2)A by Lemma . It follows that 77 is finer than 75 by

Proposition [6.89]
The converse follows by Lemma O

Theorem 6.91
Let X be a set, and 77 and 73 two topologies on X. Then the following statements

are equivalent:
(i) 7i is finer than 7s.

(ii) For every net (x,) in X and every z € X, z, — x with respect to T3

implies x,, — = with respect to 7s.

(iii) For every filter F in X and every z € X, F — x with respect to 77 implies
F — x with respect to 7.

Proof. implies by Lemma
To see that implies (i), assume that holds. Let A C X. We have
CIT(l)A - CIT(Q)A.

[Let = € cly(;)A. We may choose a net (x,,) in A such that z,, — x with
respect to 71 by Theorem [6.71] Then we have z,, — x with respect to 73 by
assumption. It follows that = € cly () A.]
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Now (lij) follows by Proposition
The equivalence of and follows by Lemma and by Lemma and
Definition [6.40l O

6.6 Separability

In this Section we provide a brief discussion of separability.

Definition 6.92
Given a topological space (X, 7T) and A C X, A is called dense in X if A = X.
|

Order dense sets as introduced in Definition 2:29]in the context of ordered spaces

are related to dense sets as follows.

Lemma 6.93

Let (X, <) be a pre-ordered space where < has full field and the interval inter-
section property. Further let A C X be an order dense subset. Then A is dense
in X with respect to the interval topology.

Proof. We define

V)
Il

{]-00,2[, |z,00[ : 2 € X},
A= {lzy[:z,ye X, z <y},
B SUAU{0O}

The system B is a base for the interval topology by Lemma Let z € X
and U € N{z}. Then there is B € B such that z € B C U. Moreover we have
BN A# @ since A is order dense. Thus z € A by Theorem m |
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Definition 6.94
A topological space is called separable if it contains a countable subset that is
dense in X. |

Example 6.95

Let < be the ordering on R, as defined in Lemma and Definition It has
full field and the interval intersection property, cf. Remark [5.103] Moreover D
is order dense in Ry by Lemma [4.15| Thus D, is dense in Ry with respect to
the standard topology by Lemma Since D is countable by Corollary
(R4, <) is separable. Similarly it can be shown that (R, <) is separable where <
is the standard ordering. |

We now briefly examine how the properties of first and second countability of a

topological space are related to separability.

Lemma 6.96
A topological space (X, T) that is second countable is separable.

Proof. Let B be a countable base for 7. For each B € B with B # 0 we
may choose a point zp € B. We define A = {zp : B€ B}. Let z € X and
U e N{z}. Then UN A # Q. It follows that x € A by Theoremm O

Notice that a separable space need not even be first countable as shown in the

following Example that we take from [Steen)].
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Example 6.97

Let X be an infinite set that is not countable and 7. the cofinite topology, cf.
Lemma and Definition .

Let A C X be countable and infinite. Then U N A # @ for every U € N{z} and
every x € X. Hence (X, 7¢) is separable by Theorem m

Now assume that (X, 7¢¢) is first countable. Then there is a point z € X and a
countable neighborhood base B of . We define D = (| B. We have D = {z} by
the definition of 7T¢¢, and therefore X\{z} = |J{B® : B € B}. Since B¢ is finite
for every B € B, it follows that X \{z} is countable by Lemma [3.70} which is a

contradiction. |

Finally the following results holds for pseudo-metrizable spaces.

Theorem 6.98

A pseudo-metrizable topological space is separable iff it is second countable.

Proof. Let £ = (X, T) be a pseudo-metrizable topological space and d a pseudo-
metric on X that generates 7. Assume that £ is separable. Let A be a countable
set that is dense in X and R =D;\{0}. Then the system

B={B(z,r) : x€ A, r € R}

is a countable base for 7 by Lemma [3.69
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[Let U € T and ¢ € U. We may choose y € X and r € R such that
x € B(y,r) C U by the definition of the pseudo-metric topology. We define
e =1 —d(x,y). T is first countable by Theorem Hence there is a
sequence (2, ) in A such that 2, — x by Lemma . ‘We may choose m €
N such that d(x.,,z) < /2. Tt follows that x € B where B = B(xy,,£/2).

For every z € B we have
d(y,z) < d(y, =) + d(z, xm) + d(@m, 2) < d(z,y)+e =71

and hence B C B(y,r).]
The converse is true by Lemma [6.96] O
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In this Chapter we explore how a topology on a given set can be defined by
means of already specified topologies on—generally different—sets and functions
between the old and the new sets. Obviously there are two possibilities: the new
topology may be generated on the domain of the functions by given topologies on
their ranges (so-called inverse image topology, see Section or generated on
their range by given topologies on their domains (so-called direct image topology,
see Section . In Sections and we analyse two particular cases of
inverse image topologies in detail: subspace topologies and product topologies.
Section [7.5] is devoted to quotient topologies which are special cases of direct

image topologies.

7.1 Inverse image topology

Lemma and Definition 7.1

Given a set X, topological spaces (Y;,7;) (i € I), where [ is an index set, and
functions f; : X — Y; (i € I), the system S = (J,; £V 7] is a topological
subbase on X. The topology on X that is generated by S is called inverse image
topology or the topology generated by F' = {(f;,7;) : ¢ € I} and denoted
by 7(F). It is the coarsest topology T on X such that f; is 7-7; -continuous for
every i € I. We also use the notation z; = f;(x) for x € X and i € I.

Proof. S is a topological subbase on X by Lemma We denote by &7 the
set of all topologies 7 on X such that f; is T-7;-continuous for every ¢ € I.
Then we have 7(F) € & by Theorem Moreover, for every T € &/ we have
S C T. Hence 7(F) is the coarsest member of &/ by Lemma [5.38 O
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Lemma 7.2
With definitions as in Lemma and Definition let S; be a subbase for 7; for
every i € I. The system R = J,; f71[Si] is a subbase for 7(F).

Proof. First note that R is a topological subbase on X by Lemma We
denote by T the topology generated by R. Now, R C S implies T = OU(R) C
OU(S) = 7(F). Moreover, for every i € I, f; is T-T;-continuous by Theo-
rem Since 7(F) is the coarsest such topology, we have 7(F) C T. O

Corollary 7.3

With definitions as in Lemma and Definition let C be the system of all 7(F')-
closed sets and, for each 7 € I, let & be a subbase for the 7; - closed sets. Then
Uier f7 1 [€] is a subbase for C.

Proof. This is a consequence of Lemma by complementation. O

The following is an important special case of Lemma and Definition [7.1] and
Lemma [7.21

Corollary 7.4

Let X be a set and I an index set. For each ¢ € I, let 7; be a topology on X and
Si a subbase for 7;. Further let F' = {(idx,7;) : i € I}. |U;c; Si is a subbase
for 7(F). 7(F) is the supremum of {7; : ¢ € I'} in the ordered space (7 (X), C),
i.e. it is the coarsest topology on X that is finer than 7; for every i € I.

Proof. Exercise. O

Another relevant special case is that of a topology generated by a single map.

We have the following result.
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Corollary 7.5

Let X be a set, (Y,7T) a topological space, B a base for T, S a subbase for T,
C the system of all T-closed sets, D a base for C, £ a subbase for C, f: X — Y
a map, and Tx =7 ({(f,7)}). Then the following statements hold:

(i) Tx =171
(i) f=1[B] is a base for Tx.
(iii) f~1[S] is a subbase for Tx.
(iv) f=1[C] is the system of all Tx-closed sets.
(v) f~L[D] is a base for f~L[C].
(vi) f~'[€] is a subbase for f~1[C].

Proof. Exercise. |

Example 7.6
Let m,n € Nwith 0 < m < n, T, and 7, the standard topologies on R" and R",

respectively, and z € R™"~™. Further we define the function
R —R",  f(z)=(z,2)

where we have identified R™ and R™x R™*~™. Then we have 7({(f, Tn)}) = T -
|

The following Lemma shows how the generation of topologies behaves under the

composition of functions.
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Lemma 7.7

Let X and Y; (i € I) be sets where I is an index set, (Z;,7;) (j € J;, @ € I)
topological spaces where J; (i € I) are distinct index sets, and f; : X — Y;
(tel)and g; :Y; — Z; (1 € I, j € J;) maps. For every ¢ € I, we define the
following topology on Y; :

Ti = 7{(95:7) : 5 €Ji})

We have

T({(fi,Ti) iel}y) = 7({(gjo fi,T;) i€l , je J})
Proof. This is a consequence of Lemma[7.2] O
Theorem 7.8

Let (X,7T) be a topological space, (Y;,7;) (i € I) topological spaces where I is
an index set, f; : X — Y; (¢ € I) functions, and F' = {(f;,7;) : i € I}. The

following statements are equivalent:
(i) T=r7(F)

(ii) For every topological space (Z,Tz) and every function g : Z — X, g is

Tz -T-continuous iff f; o g is T -T; -continuous for every i € I.

Proof. To see that implies (i), assume that 7(F) = 7. Then f; is T-T;-
continuous for every ¢ € I. Further let (Z,7z) be a topological space and
g:Z — X a map. Then the continuity of ¢ implies the continuity of f; o g
for every i € I by Lemma [6.59] Conversely, for every i € I let S; be a subbase
for 7; . Then we have g—! [f[l [S]] € Tz for every i € I and S € S; by the conti-
nuity of f; o g. Since {f{l [S] :i€I, S €S} is asubbase of T, the continuity

of g follows.
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To show that implies ({ij), it is enough to show that the topology T is uniquely
specified by property . Assume that 77 and T3 are two topologies on X such
that is satisfied in both cases. Now let Z = X and g = idx. Since g is
Ton -Tm -continuous for m € {1,2}, it follows that f; is 7, -7;-continuous for
m € {1,2} and ¢ € I. Thus g is T; -T2 -continuous and 73 -7; -continuous, and
hence 71 =75 O

Property in Theorem is often called a universal property. Below we

encounter other universal properties a topological or a uniform space may have.

Theorem 7.9
With definitions as in Lemma and Definition let (x, : n € D) be anet in X,
F afilter on X, and « € X. The following statements hold:

(i) 2p w2 = Viel fi(zn)— fi(z)
(i) F o2 <= Viel fi[F]— filz)

Proof. To see (i), assume that f;(z,) — fi(z) for every ¢ € I and let U € N{xz}.
Then there is G C S such that G # @ and x € (G C U. Now let G € G.
Further let 4 € I and V € 7; such that G = f; ' [V]. Thus there is Ng € D
such that f;(z,) € V for every n > Ng by assumption. We may choose such
Ng for each G € G. It follows that x,, € U for n > N where N is the maximum
of {Ng : G € G}. The converse follows by Theorem

To see ({), assume that f; [F] — fi(z) for every i € I. Let (y,) be the net
generated by F, U € N{x}, and i € I. There is F' € F such that f;[F] C U
by assumption. Now let M = (y, F) with y € F. It follows that f;(ym) € U
for every m > M. Hence we have y,, — = by , and thus F — z. Again the

reverse implication follows by Theorem [6.49 ]
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7.2 Topological subspace

In this Section a special case of inverse image topologies is analyzed, viz. topo-

logical subspaces.

Lemma and Definition 7.10

Given a topological space £ = (X,7) and a subset A C X, the system
{UNA :UeT} is a topology on A. Tt is called the relative topology on A
and denoted by T | A. The pair (A4, T | A) is called topological subspace of ¢,
or short subspace of ¢, and denoted by £ | A. A member of 7 | A is also called
open in A whereas a member of 7 is also called open in X. Furthermore a
(T | A)-closed set is also called closed in A, and a T-closed set is also called

closed in X.

Proof. Exercise. O

Definition 7.11
Given a set X and a subset A C X, themap j: A — X, j(z) =z (x € A), is
called inclusion. We also write j : A — X. |
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Lemma 7.12

Let £ = (X, T) be a topological space, a = (A, T4) a subspace of &, and C and
C 4 their respective systems of closed sets. Further let B be a base for 7, S a
subbase for T, D a base for the closed sets in X, £ a subbase for the closed
sets in X, j : A — X the inclusion, z € A, and B C A. Then the following

statements hold:

(i) We have T4 = j~'[T]. Ta is generated by {(j,7T)}, and j is Ta-T-

continuous.
(ii) The system j~![B] is a base for T4.
(iii) The system j~1[S] is a subbase for Tx.

(iv) Let (Y,7y) be a topological space and g : Y — A a map. Then g is

continuous iff j o g is continuous.
(v) {AnC :CecC} =jt[C] =Ca
(vi) The system j~1[D] is a base for C4.
(vii) The system j~![€] is a subbase for Ca.
(viti) {ANU : U € Nefa}} = 571 [Nefa}] = Nafa}
(ix) claB = cle(B)N A
(x) intgB C int,B
(xi) bound,B C bound:B

Proof. is obvious.
7 , and to are consequences of (fi) and Corollary
follows by (i) and Theorem
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The first equation in follows by definition of j. Moreover we have
JH [Ne{a}] € Nafz}

by the continuity of j. Conversely, let U € N,{x}. We may choose V' € T4 with
zeVCcU,and WeT withV =WnNA. Lt R=WUU. Then R € Ne{z},
and j7'[R] =U.

follows by and Lemma as follows:

cl,B = ﬂ{C’GCA:BCC}
=({pPnA:BcD,Dec}
=(J{DeC:BCD}nA = c¢(B)nA

To see , notice that a set U C A that is open in X is also open in A. Therefore

we have:

inteB = | J{U €T :UcB}
c J{veTa:UcB} =int.B

Finally, in order to prove , let x € bound,B, U € N;pen{x}, and V = UNA.
It follows that V € N,{z}, and thus VN B # @ and V N (A\ B) # . Therefore
we have UN B # @ and U N (X\ B) # Q. It follows that = € bound¢B. O

Remark 7.13

Let £ = (X,T) be a topological space and B C A C X. If B is open in X, then
B is open in A by definition of the relative topology. If B is closed in X, then B
is closed in A by Lemma . The converse of both implications is generally

not true. However, it is true under additional assumptions, cf. Lemmas [7.19

and [7.201 [ |
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Remark 7.14
Let £ = (X,T) be a topological space and B € A C X. We have {|B =
(£] A) | B, which is a consequence of Definition It also follows by Lem-

mas [7.7] and [7.12] (). ]

Lemma 7.15
Let 7 and 73 be the standard topologies on R and R, , respectively. We have
T+ =T |R,. Further let A C Ry . Then T |A =T |A.

Proof. To see the first claim note that
S ={]-o00,z[, ]z,00[ : z € R}
is a subbase for 7 and
Sy ={]-o0, [, ]z,00 : z € Ry} U{R;}

is a subbase for 7. . These two systems are related by j~![S] = S where
j : R4 < R is the inclusion. The claim follows by Theorem ().
Now the second claim follows by Remark O

The following three Lemmas show that the concept of topological subspace does
not lead to any complications when considering convergent nets or filters and

continuous functions.

Lemma 7.16
Let £ = (X,T) be a topological space, (A,.A) a subspace of £, (z,) a net in A,
and x € A. Then x,, — x with respect to A iff x,, — 2 with respect to 7.

Proof. This is a special case of Theorem . O
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Lemma 7.17
Let £ = (X, T) be a topological space, (A,.A) a subspace of {, z € A, and G
a filter on A. Then G is a filter base for a filter on X, say F. Moreover the

following statements are equivalent:
(i) G — = with respect to A
(ii) G — x with respect to T, i.e. G is considered as filter base on X
(iii) F — a with respect to T
Proof. The equivalence of (fif) and is a special case of Theorem . The

equivalence of and follows by definition. O

Lemma 7.18

Let (X,Tx) and (Y, Ty) be topological spaces, (A4,74) a subspace of (X, Tx),
(B,Tg) a subspace of (Y, Ty), and f: X — Y a map with f[X] C B. Further
we define the map g : X — B, g(z) = f(z). The following statements hold:

(i) If f is continuous, then f| A is continuous.
(ii) f is continuous iff g is continuous.

Proof. Exercise. U

The following two Lemmas state under which conditions the reverse implications
of Remark [Z.13] are true.
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Lemma 7.19
Let £ = (X, T) be a topological space, A a closed subset of X, a = £| A, and
B C A. The following statements hold:

(i) B is closed in X iff it is closed in A.
(ii) cloB = cl¢B

Proof. follows by Lemma and Remark

To see (i), notice that cleB C cl¢A = A. Thus we have cl,B = cl¢B by

Lemma . O

Lemma 7.20
Let £ = (X, T) be a topological space, A € T, a = {|A, and B C A. The

following statements hold:
(i) B is open in X iff it is open in A.
(i) inte B = int¢B

(iii) boundeB = bound¢(B)N A

Proof. is obvious.

To show , let x € int, B and U open in A with x € U C B. Then U is open
in X by (i), and thus = € int¢ B. The converse follows by Lemma ().

To show , notice that bound,B C bound¢(B) N A by Lemma .
Conversely, let € bound¢(B) N A and U € NP {z}. It follows by () that
U € NP {z}, and hence U N B # O and

O #UN(X\B) = Un(A\B)

Thus z € bound, B. O
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Lemma and Definition 7.21

Given a pseudo-metric space { = (X,d) and a subset A C X, the restriction
d|(A x A) is a pseudo-metric on A. It is called the relative pseudo-metric
and denoted by d |A. The pseudo-metric space (A, d|A) is called pseudo-metric
subspace of £, or short subspace of &, and denoted by £ |A.

Proof. This follows by Definition O

Lemma 7.22
Given a metric space £ = (X,d) and a subset A C X, the subspace £| A is a

metric space.

Proof. This follows by Definition [5.114} O

The following Lemma states that the generation of a topology from a pseudo-

metric commutes with the formation of a subspace.

Lemma 7.23
Given a pseudo-metric space £ = (X, d) and a subset A C X, we have 7(d) |A =
7(d|A).

Proof. We define for every r € ]0,00[ and z € X:
B(z,r)={yeX : d(z,y) <r}

Moreover, let
B={B(z,r)NA:rel0ool,zeX}

Then B is a base for for 7(d) |A by Lemma[7.12] (i). Further let d4 = d|A and

Ba={B(z,r)NA :re€]0o0f,zecA}
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Then By is a base for 7(da). We have B4 C B, and thus 7(ds) C 7(d)|A.
Conversely, let r € 10,00[, x € X, and y € B(z,r) N A. Since B(z,r) is 7(d)-
open, there is s € ]0,00[ such that B(y,s) C B(z,r). Since B(y,s) N A € Ba,
it follows that B C,, B4, and thus 7(d) |A C 7(da). O

Definition 7.24

Let (X, T) be a topological space and A C P(X). A is called locally finite
if for every z € X there is a neighborhood U € N{z} and B C A such that
UNA=Q for every A € A\B. A is called locally discrete if for every z € X
there is a neighborhood U € N{z} and B C A such that U N A = @ for every
A € A\B and either B~ 0 or B ~ 1. [ |

Lemma 7.25
Let (X,7) be a topological space, I an index set, and 4; C X (i € I). If
{A; : i €I} is locally finite, then we have [J;c; Ai = U, 4 -

Proof. Assume the stated condition. Let = € |J;c; A;. There exist U € N{z}
and J C I such that U N A; = @ for every i € I\J. Hence V N {J,.; A; # O for
every V € N{z} by Theorem (ii). It follows that
xr € U A; = UZZ - UZZ
icJ icJ iel

by Lemma (vi). The converse follows by Lemma ([vii). d

Theorem 7.26
Let (X, T) and (Y, Ty) be topological spaces, I an index set, closed sets 4; C X
(i € I) such that {A; : i € I} is locally finite and | J;c; Ai = X,and f: X — Y

a function. f is continuous iff f|A; is continuous for every i € I.

Proof. If f is continuous, then f|A; is continuous for every i € I by Lemma
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Conversely, assume that f|A; is continuous for every i € I. For every i € I we

define 7; = T |A; .
Let B C X. Note that

rB = dr (Ui, (BNA;)) = | Jer(BNA)

icl

by Lemma [7.25) - Moreover, for every i € I, we have cly(;)(BNA;) = clr (BN A;)
by Lemma |7 - . It follows that

fldrB] =

-

U flelr(Bn 4]

el

U (£14) [y (BN Ay)]
iel

U ((£14) (B A))
el

ol (User FIBNA]) = cl(f[B])

where the third equation is a consequence of Theorem and the fourth
line follows by Lemma (vii). The continuity of f now follows by the same

Theorem.

O
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Remark 7.27

Let < be the standard ordering on R, 7 the standard topology on R, a,b € R
with a < b, A = [a,b], <a the restriction of < to A, Tp the interval topology
of (4,<4), and Ty = T |A. We denote by subscript A intervals with respect to
the ordering <4 . All other intervals refer to the ordering <. The system

S = {]-o0,2[, |z, 00[ : z € R} U{O}
is a subbase for 7. Further the system
R = {]-o0,z[,, Ja,00[, : € A} U{A}

is a subbase for Tg. We have

R = {[a,z] : z€ A\{a}} U {]z,0] : z € A\{b}} U {4,0}
= {SDA : SES}
It follows by Lemma that T4 = Tg . [ |
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Example 7.28
Let £ = (R, T) where T is the standard topology, a,b € R with a < b, A = ]a, ],
and o = (A, Ta) = £ |A the topological subspace. We define

S¢ = {Je.b] s w € A\(b) )
Ry = {Jz,0] : 2 € DN (A\{b}) } U{A}
B = {lz,yl : 2,y e R,z <y} U{O}
Ba = {]z,yl : z,y € A, x <y} U{O}

A= {lz,yl : z,yeD, z <y} U{D}
Aa = {Jz,yl : 2,y eDNA, z <y} U{O}

Each of the systems B and A is a base for 7 by Remark [5.102] Each of the
systems B4 USy and A4 UR is a base for Ty.
Further let ¢ € R with @ < ¢ < b. Then the following statements hold:

e,0] & Ne{b}, Je,b] € Na{b},

cle Ja, ¢ = la,d], cla Ja, | = Ja,d],
cle Je,b] = [e,b], cl Je,b[ = [e,b],
inte [c,b] = Je, b, int, [c,b] = Je,b],

bound¢ Ja,c[ = {a,c}, bound, Ja,c[ = {c}
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Example 7.29

Let 7 be the standard topology on R. The set D is neither 7T-open nor 7-closed
by Lemma [£:46] Further let 7p be the relative topology on D, and a,b € R with
a < b. The set [a,b] N D is Tp-closed. If a,b ¢ D, then this set is also Tp-open.
|

7.3 Product topology

In this Section we consider another important special case of inverse image

topologies: product topologies.

Definition 7.30

Let & = (X;,T;) (i € I) be topological spaces where I is an index set,
X = Xiel X;, and p; : X — X, the projections. The topology T =
T({(pi, Ti) : i € I}) is called product topology and denoted by [[,.; 7:. The
topological space £ = (X, 7T) is called product topological space, or short
product space, and denoted by [[;c;& . If I = o(n)\m for some m,n € N
with m < n, then we also write [[,_, T for T, and []}_, & for & If I = N\m
for some m € N, then we also write [[7- =Ty for T, and [, & for &. [ |

While the symbol X always denotes the Cartesian product, the symbol [] has
several meanings, e.g. it denotes the product topology and the product space
as well as product nets. More meanings of [] are introduced below. In each
occurrence we ensure that the correct interpretation is evident from the context.
We also remind the reader that we often use the notation x; for p;(z), where
i € I and z € X, as introduced in the general case of generated topologies in
Lemma and Definition [Z1
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By definition the projections p; are continuous maps. Furthermore the following
result holds.

Lemma 7.31
With definitions as in Definition the projections p; : X — X; are open

maps.

Proof. Let i € I, U € T, and U; = p; [U]. To show that U; is open let r € U; .
We may choose & € U such that p;(x) = r. Further let K C I and Vi, € T
(k € K) such that @ € "cx Py " [Vi] C U. If i ¢ K, then we have U; = X; . If
1 € K, then it follows that r € V; C U;. O

Lemma 7.32

Let I be an index set. For every i € I let (X;, R;) be a pre-ordered space such
that R; has full field. Further let 7; (i € I) be the respective interval topologies
and X = Xiel X, . Then, for every i € I, S; = p; ' [R;] is a pre-ordering on X
that has full field. Let S = {.S; : i € I'}, and T be the S-interval topology. Then
we have T =[[,; Ti -

Proof. For every i € I, S; is a pre-ordering by Example and clearly has full
field. We have

{100,205y, 2,005y - v € X, i € T} U{0}
= {pfl []*oo,xi[R(i)} p [}zi,OO[R(i)} rreX, i€ I} u {0}

{p;1 []—oom[R(i)}, p[l []r,oo[R(i)] reX;, i€ I} u{o}

The first expression is a subbase for 7, and the last is a subbase for the product

topology. O
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Remark 7.33

Let 7, 7., T", and T}* be the standard topologies on R, R, R", and R,
respectively, where n € N, n > 0. We have 7" =[[,_; 7 and 7 =[], T+ .
|

Next we demonstrate that an iterated product of topological spaces is essentially

a product of those topological spaces.

Lemma and Definition 7.34
Let § = (X;,7;) (j € Ji, t € I) be topological spaces where I is an index set
and J; (¢ € I) are disjoint index sets. Further let K = (J{J; : ¢ € I}. Then

[Lics (HjeJi fj) and [ [, §; are homeomorphic.

Proof. For every i € I let (Yi,T;) = [l;c;, (X;,7;). Further let (Y,7y) =
HieI (Y;, T;) and (X, Tx) = HjeK (X;,7;). We define the map

f: X—Y,

((f(h))(i))(j) = h(j) foreveryieIandje J;
Then f is a bijection by Remark For every ¢ € I the topology 7; is gen-
erated by {(pi;, T;) : j € J;} where p;; : Y; — X, (j € J;) are the projections.
The topology Ty is generated by {(p;,T;) : i € I} where p; : Y —Y; (i € I)
are the projections. Furthermore Tx is generated by {(g;,7;) : j € K} where
g; : X — X (j € K) are the projections. Hence

Sx={q;'lU] : jeK,UeT;}

is a subbase for Tx. Since gjo f~! = p;jop; for every i € I, j € J;, the topology
Ty is generated by {(gjo f~',7;) : j € K} by Lemma This means that
f[Sx] is a subbase for Ty. Thus f is a homeomorphism. a
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The following result is a direct consequence of the more general Theorem in

Section however, it is particularly important in the case of product spaces.

Corollary 7.35
With definitions as in Definition let (x,) be a net in X, F a filter on X,
and z € X. The following statements hold:

(i) zn 2 = Viel pi(zn) = pi(z)
(i) F>2 <= Viel p[F]— pi(z)

Proof. This follows by Theorem O

Corollary 7.36

Let I be an index set. For every i € I let (X;, 7;) be a topological space, 4; C X, ,
and (z},) a net in A;. Further let (X,7) = [[,c; (X, T;) and p; : X — X;
(i € I) be the projections. Moreover, let (z,) = [],; (¢%) and z € X. Then we

have
T, =z = Viel ' —piz)
Proof. This is a consequence of Corollary and Lemma [6.30) ]
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Theorem 7.37

Let I be an index set. For every ¢ € I let (X;,7;) be a topological space and
A; € X;. Moreover let (X, T) = [[;c; (X, Ti) and p; : X — X; (i € I) be the
projections. Further we define A = Xie s A; . The following statements hold:

0= X,
(ii) A is closed iff A; is closed for every i € I.

(i) 0#£AeT =
(Viel O#A4,€T;)) A (BKCI Vjel\K A;=X;)

(iv) A° C XZ.GI A?

(v) If A° # @, then we have:
A= X, A = 3IKCI Viel\K A =X,

(vi) TIA = Hie[ (Ti | A:)

Proof. Notice that () follows by Theorem [6.71] (iii) and Corollaries[7.35|and[7.36]
is a consequence of ().

To show , assume that @ # A € T. For every ¢ € I, we clearly have A; # O,
and A; = p;[A] € T; since p; is open by Lemma Let x € A. We may
choose K C I and, for each i € K, U; € 7; such that x € U C A where
U = (Nexp; " [Us]. Then we obtain X; = p; [U] C A; for every i € I\K. The
reverse implication holds by definition of the product topology.

To see , let © € A°. There is U € T such that x € U C A. For every i € I,
we have p;(z) € p; [U] C A; and p; [U] € T; since p; is open. Hence p;(z) € A
for every i € I.

In order to prove 7 first note that we clearly have A D ><Z el A?. Assume that
A° # . Tt follows that AY # O for every ¢ € I by .

If there is K C I such that A; = X; (i € I\K), then X, A7 is open by
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and we obtain A° D Xiel A?. It follows that A° = Xiel A?. The converse

follows by .
To show , let i € I and U € T;. We have

P U N A = (p| A UNA]

Thus there is a subbase for 7 |A that is a subbase for [],.; (7; |A4i) as well. O

iel

Corollary 7.38
Let T, T4, T™, and T}* be the standard topologies on R, Ry, R", and R,
respectively, where n € N, n > 0. We have 7' = 7" |R"}, .

Proof. This is shown by Remark Lemma and Theorem as

follows:
n n
=17 =[[(TIRy) = T"|RY
k=1 k=1

Lemma 7.39
With definitions as in Definition let (Y,7y) be a topological space and

g:Y — X be a map. Then g is continuous iff p; o g is continuous for every

i€ l.

Proof. This follows by Theorem O
Lemma 7.40

Let I be an index set and, for each i € I, let (X;,7;) and (Y;,7;) be topological
spaces and f; : X; — Y; a map. Further let X = X X;and Y = XleIYi,

and the map f : X — Y be defined by (f(ac))z = fl( ;) (i € I). Then f is

continuous iff f; is continuous for every i € I.

Proof. This follows by Theorem and Corollary . ]
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We recall that the space of all functions from a set X to a set Y, written Y, is
identical to the Cartesian product Xze Y with equal factors Y. We often en-
counter subsets of functions F' C YX. In such situations the following definition

is convenient.

Definition 7.41
Let X and Y be two sets, F C YX, and p, : YX — Y (2 € X) the projections,
i.e. po(f) = f(z) for every x € X and every f € Y. Given z € X, the restriction

q> = p. | F is called evaluation function at z. |
Remark 7.42

With definitions as in Definition we have f(x) = q,(f) for every f € F and
r€X. Letj: F—YX. Thenq, =p,0j (v € X). [ |

Since the set of functions F' in Lemma and Definition [T.41] is a subset of a
Cartesian product, the concepts of relative topology and product topology may

be used to define a topology on F.

Definition 7.43
Let X be a set, (Y, Ty) a topological space, T the product topology on Y, and
(F,Tr) a subspace of (YX,T). Tr is called topology of pointwise conver-

gence. |

Remark 7.44

Let X be a set, (Y, Ty) a topological space, F C YX, q, (z € X) the evaluation
functions with domain F', and 7 the topology of pointwise convergence on F.
We have Tr = 7 ({(¢z, Ty) : © € X}) by Lemma Moreover, the functions
¢z (xz € X) are Tp-Ty -continuous. [ ]
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Example 7.45
RN is the set of all real-valued sequences. Let 7 be the topology of pointwise

convergence on RN that corresponds to the standard topology on R. The space

(RN, T) is second countable by Remark and Lemmas and [ ]

Theorem 7.46
With definitions as in Remark let (f,) be anet in F', F a filter on F, and
f € F. The following statements hold:

(i) (fn — f with respect to Tp) <=
(Vo € X fo(z) = f(z) with respect to Ty)

(i) (]—' — f with respect to TF) =
(Vo2 € X ¢,[F] — f(z) with respect to Ty)

Proof. This is a consequence of Theorem [7.9] and Remark O

7.4 Direct image topology

Lemma and Definition 7.47

Given a set X, topological spaces (Y;,7;) (i € I) where I is an index set, and
functions f; : ¥; — X (i € I), the system (,c;{BC X : f;'[B]€Ti} is a
topology on X. It is called direct image topology or the topology generated
by F = {(T;, fi) : i € I} and is denoted by 7(F'). It is the finest topology T
on X such that f; is 7;-T-continuous for every i € I.

Proof. 7(F) clearly has properties (fij) to in Definition[5.9] Now let </ be the
set of all topologies 7 on X such that f; is 7; -7 -continuous for every i € I. We
clearly have 7(F) € &/. Moreover, for every T € o/ we have T C 7(F). Hence
7(F) is the finest member of <. O
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Notice that our convention is such that every member of F' has the topology of
the domain space as its left coordinate, in contrast to Lemma and Definition
where the members of the generating system have the topology of the range space
as their right coordinate.

The following is an important special case.

Corollary 7.48

Let X be a set, I an index set, and, for each ¢ € I, 7; a topology on X. Further
let F' = {(7;,idx) : i € I}. We have 7(F) = (\,c; 7. 7(F) is the infimum of
{T: : i € I'} in the ordered space (7 (X), C), i.e. it is the finest topology on X

that is coarser than 7; for every i € I.

Proof. Exercise. |

Direct image topologies may be characterized by a universal property, similarly

to the case of inverse image topologies (cf. Theorem [7.8).

Theorem 7.49
Let (X,T) be a topological space, I an index set, (Y;,7;) (¢ € I) topological
spaces, f; : Y; — X (i € I) functions, and F' = {(T;, f;) : i € I}. The following

statements are equivalent:
(i) T =7(F)

(ii) For every topological space (Z,Tz) and every function g : X — Z, g is

T-Tz -continuous iff g o f; is T; -Tz -continuous for every i € I.

Proof. To see that implies (i), assume that 7(F) = 7. Then f; is ;-
T-continuous for every ¢ € I. Further let (Z,7z) be a topological space and
g: X — Z amap. If g is continuous, then go f; is continuous for every i € I by

Lemma [6.58, To show the converse let U € Tz. If g o f; is continuous for every
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i € I, then we have f; ' [¢71 [U]] € T; (i € I), and therefore g~ [U] € T. Thus
g is continuous.

To show that implies (lil), it is enough to show that the topology 7 is uniquely
specified by property . Assume that 7; and 75 are two topologies on X such
that is satisfied in both cases. Now let Z = X and g = idx. Since g is
T -Tm -continuous for m € {1,2}, it follows that f; is 7;-T, -continuous for
m € {1,2} and i € I. Thus g is T; -T2 -continuous and 73 -7 -continuous, and
hence 71 = Ts. O

The following result is a characterization of the direct image topology in the case

of a single function.

Theorem 7.50
Let (X, Tx) and (Y, 7y) be two topological spaces and f: X — Y a map. If f
is Tx -Ty -continuous, surjective, and either Tx -7y -open or Tx -7y -closed, then

we have Ty =7 ({(Tx, f)})-

Proof. Let T =7 ({(Tx, f)}), and assume that f is Tx -7y -continuous, surjec-
tive, and either open or closed.

Since T is the finest topology on Y such that f is Tx -7-continuous, we have
TvCT.

Conversely, let U € 7. Then we have f~1[U] € Tx. First consider the case
that f is Tx -7y -open. Then we have U = f [f~[U]] € Ty. Second, if f is

Tx -Ty -closed we have

U= @) =l ) = ([ o)) e
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7.5 Quotient topology

In this Section we analyse an important special case of the concept introduced
in Section [T4l

Definition 7.51

Let (X,7) be a topological space, R an equivalence relation on X, and
f:X — X/R, f(z) = [z]. The topology Tr = 7 ({(T,f)}) is called quo-
tient topology. The space (X/R,Tr) is called quotient topological space,

or short quotient space. |

Lemma 7.52
Let X be a set, (Y,7T) a topological space, f : Y — X a surjective function,
and R the equivalence relation on Y defined by

(,2) e R <= [fly)=[f(2)

Further let 7z be the quotient topology on Y/R and Tx = 7 ({(7, f)}). Then
(Y/R,Tr) and (X, Tx) are homeomorphic.

Proof. We define the map g : Y — Y/R, g(y) = [y]. Further let the map
h : Y/R — X be defined by h([y]) = f(y) for every y € Y. h is clearly
well-defined. We show that h is a homeomorphism. h is clearly bijective. We
have h o g = f. Therefore the continuity of f implies the continuity of h by
Theorem Furthermore, we have ¢ = h~! o f. Hence the continuity of ¢

implies the continuity of A~! by the same Theorem. O
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Theorem 7.53
Let (X,d) be a pseudo-metric space and R = {(z,y) : d(z,y) =0}. R is an

equivalence relation on X. The map
D:(X/R) x (X/R) — Ry, D([z],[y]) = d(x,y)
is a metric on X/R. Moreover 7(D) is the quotient topology of 7(d).

Proof. R clearly is an equivalence relation on X. The function D is well-defined
because of the triangle inequality for d. That D is a pseudo-metric follows by
the fact that d is a pseudo-metric, and that D is a metric is then obvious. In
order to show that D generates the quotient topology of 7(d), it is enough by
Theorem to show that the map f : X — X/R, f(x) = [z], is 7(d)-
7(D)-continuous and 7(d)-7(D)-open. Since f is an isometry, this follows by
Lemma [6.66 O
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Chapter 8

Functions and real numbers
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In this Chapter we use the various concepts introduced in Chaptersto (topolo-
gies, pseudo-metrics, continuity, etc.) in the context of the number systems de-
fined in Chapter [

Definition 8.1
We adopt the convention that all notions related to topologies on R and R™,
and their subsets refer to the respective standard topologies or their relative

topologies if not otherwise specified. |

In particular, according to this convention we refer to the standard topologies
on Ry and R} since these are the relative topologies by Lemma and Corol-
lary

Lemma 8.2
The addition + : R? — R, the absolute value b : R — R, , the multiplica-
tion - : R?2 — R, and, for every m € N, the exponentiation h,, : Ry — R, ,

hm(a) = ™, are continuous functions.

Proof. We show the continuity of each function by means of Lemma We
use the bases for the respective standard topologies on R and R, as given in
Remarks [5.102] and [5.103

The continuity of b is clear.

Let z € R?, o and y be its left and right coordinates, i.e. z = (z,9), (2x) a
sequence in R? such that z; — z, and (x}) and (i) the left and right coordinate
sequences, i.e. zp = (xg,yx) for every k € N. Tt follows that xx — = and yr — y

by Corollary [7.35}

To see that addition is continuous in z, let u,v € R such that u < z+y < v. We

define w = 1 min{z +y — u, v — x — y}. There is n € N such that

rT—w <z <x+w, y—w <y <yt+w
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for every k > n. Hence we have u < x + yx < v for k > n.
To show that multiplication is continuous in z, let u, v € R such that u < zy < v.

We define w = & min {v — 2y, zy — u}. For k € N, we have

lTeyr — 2yl = |oryr — 2Ry + 2Ry — Y|

IN

|2k llye — yl + 23 — 2||y|

by Remark and Lemma We may choose K € R\ {0} such that
|z] < K. There is n € N such that |zx| < K, |y —y| < wK~1, and, if y # 0,
|z — 2| < wly|~! for every k > n. It follows that, for k > n, |xpyr — 2y| < 2w,
and thus u < zpyr < v.

Finally, we show that h,, is continuous for every m € N by the Induction prin-
ciple. The case m = 0 is clear. Assume that h,, is continuous for some m € N.
The function f: Ry — R%, f(a) = (hm(a),a), is continuous by Lemma
and Remark [7.33] Since the multiplication on R is continuous, the multiplica-
tionon Ry, g: R2 — Ry, g(a, 8) = - B, is continuous by Corollary and
Lemma Thus h,p41 = g o f is continuous by Lemma [6.59 (]

Proposition 8.3
Let 2,y € R and (z,) be a sequence in R such that z, — x. The following

statements hold:
(i) (YneN z,<y) = z<y
(ii) (vneN y<z,) = y<=z

Proof. To see , we define A = ]—o0, y]. A is closed with respect to the standard
topology on R. Under the stated condition we have z,, € A for every n € N, and

thus z € A by Lemma (.
The proof of is similar. O
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Proposition 8.4
Let a,b,c,w € R such that min{a,¢} < w < max{a,c}. Then we have
min {a, b} <w <max{a,b} or min{b,c} <w < max{b,c}.

Proof. Exercise. O

Theorem 8.5 (Intermediate value)
Let z,y € Rwithz <y, A = [z,y], f : A — R a continuous function, B = ran f,
and v = min{f(z), f(y)}, v = max {f(x), f(y)}. The following statements hold:

(i) u<v = [u,v]CB
(ii) If f is strictly monotonic, then [u,v] = B.

(iii) We define the map g : A — B, g(z) = f(z). If g is strictly monotonic,

1

then it is bijective and g~ is continuous. If g is strictly increasing (strictly

1

decreasing), then g~ is strictly increasing (strictly decreasing).

Proof. To see (i), assume that u < v. Let w € [u,v]. We define two sequences
(zn) and (y,) in A by (zg,y0) = (z,y), and recursively for every n € N,
(Tn, 2) if s<w<t

(Tn+1,Ynt1) =
(z,9n) else

where
s= ety s=min{f), S}, ¢ =max{f(za), f(2))

It follows by the Induction principle that v, — z, = (yo — zo)/2" for every n € N.
Thus, for every n € N, we have =, < y,, whence x, < (Tn + Yn)/2 < Yn,
and thus z, < 2,41 and yp+1 < y,. Hence (z,) is increasing and (y,) is
decreasing by the Induction principle. Let 7 be the standard topology on R. Now

regarding (z,) and (y,) as sequences in the whole of R, they are increasing and
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decreasing, respectively, and bounded. Thus they are convergent with respect
to 7 by Lemma and Remark say T, — Too and Y, — Yoo Where
Too, Yoo € X. Therefore zoo = Yoo by Lemmas [8:2] and [6.12] Since A is T-
closed, we have zo, € A. Again regarding (x,) and (y,) as sequences in A, it
follows that z, — e« and y,, — T with respect to T |A by Lemma

The continuity of f implies f(z,) = f(2s) and f(yn) = f(2Zoo). Moreover we

have for every n € N

min { f(zn), f(yn)} < w < max{f(xn), f(yn)}

by the Induction principle and Proposition It follows that w = f(zs) by
Proposition [8.3

To see ({ii]), note that, if f is strictly monotonic, then clearly B C [u,v].

To see , notice that the map g is surjective by definition. Now assume that g

1

is strictly monotonic. Then g is clearly injective. To see that g~ is continuous,

note that the system

Sa={lz,2[ s z €]yl fU{]zy] : 2 € [z,y]}
is a subbase for 7 |A, and

Sp={luz[:zeluv]}U{lz] : 2 € [u,0[}

is a subbase for T | B, cf. Remark We have ¢ [Sa] C Sp, and thus g7 is
continuous by Theorem ().
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[If g is strictly increasing, we have for every z € |, y]:

gllw 2] = g[lz. 2]\ {z}] = g[[z,2]] \ {9(2)}
= [9(2), 9(2)]\{9(2)} = [u, 9(2)[

where the third equation is a consequence of (ii) and Lemma

Moreover if g is strictly increasing, we have for every z € [z, y[:

g[lzyl] = 1g(2),v]
If g is strictly decreasing, we have

Vz € |z, ] g[[x,z[] = Jg(2),v] ,
Vz € [z,yl g[lzy]] = [u9(2)]

]

The last two claims are now obvious. O

Corollary 8.6
Let f : Ry — Ry be amap with f(0) = 0. If f is continuous, strictly increasing,

and unbounded, then f is bijective and f~! is continuous and strictly increasing.

Proof. Assume the stated conditions. f is clearly injective. To see that it is

surjective, let y € R, . Since f is unbounded, there is 2z € Ry such that f(z) > y.

It follows that y € [0, f(z)] = f[[0,2]] by Lemma and Theorem .
Moreover f~1 is clearly strictly increasing.

Finally we show that f~' is continuous. For every m € N we define 4,, =

[m,m + 1] and the function

and B, = ran f,,. Clearly these maps are strictly increasing and continuous
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by Lemma We have B, = [fm(m), fm+1(m +1)] (m € N) by Theo-
rem . Further for every m € N we define the map

gm : Am —> By gm(x) = fm(z)

The functions g, (m € N) are strictly increasing. By Theorem , for every

m €N, g,, is bijective and g} is continuous. For every m € N we define
b B — Ry, tm(y) = 9., (v)

The functions t,,, (m € N) are continuous by Lemma We have t,,, = f~!| By,
(m e N).

[This is seen as follows:

(y,2) €tm = (y,2) €9, = (v,9) €gm < (2,9) € fm
— (z,y)ef N z€A,
— (y,x)€f' AN yeBn,
<= (y,2) € 7| Bn
]
Thus f~! is continuous by Theorem (Il

Lemma and Definition 8.7

For every m € N with m > 0 let h,, : Ry — Ry, hyp(a) = o™. The map
R is bijective. h;! is called m-th root function. h; ' is called square root
function. h;! is continuous and strictly increasing for m € N, m > 0. We also
write am, o/™ or %/a for h;l(e). Moreover, we also write \/a for hy!(a).

1/m is called m-th root of . The value o'/ is called square root

The value «
of «.

For a, 8 € Ry and m € N with m > 0, we have (aﬂ)l/m = ol/m glt/m,
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Proof. Let m € N with m > 0. Then h,, is continuous by Lemmal[8.2] and strictly
increasing and unbounded by Lemma m Furthermore, we have h,,(0) = 0. Tt
follows by Corollary that h,, is bijective, and that h,! is strictly increasing
and continuous.

To see the last claim notice that for every «,5 € R4 and every m € N with

m > 0 we have
(al/m Bl/m)m: Oé,@

by Lemma and Definition [4.30 (]

Definition 8.8

Let n € Nand z € R™. Further let the function S : o(n)\{0} — R be recursively
defined by S(1) = z1 and S(k+ 1) = S(k) + 241 for 1 <k <n — 1. For every
m € N with 1 <m <n, S(m) is called a finite series and denoted by

m

k=1

m

If n > 2, then we write Zxk for S(m) — S(I — 1) where I,m € N with
k=l

2<l<m<n. |

Note that Definition [R.§ is based on the Local recursion theorem [B3.521 The
Recursion theorem for natural numbers, Theorem does not suffice.
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Lemma 8.9

Let n € N, z,y € R", and z € R. Then the following statements hold:

) D (o + i) = <Z$k> + (Zm)
k= k=1 k=1

Proof. Exercise. O

Lemma 8.10
Let z,y € R™. The following statements hold:

n 2 n n
) (Zﬂﬂkyk) < (Zm%) (Zyi) (Cauchy-Schwarz inequality)
k=1 k=1 k=1

n 1/2 n 1/2 " 1/2
k:l k=1 k=1
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Proof. We first prove . We have

n

n
(@ey — mge)® = DY (2297 + 279} — 2znmiyeyn)
1 k=11=1

) (zy%) Ly y> (zmz)
k=1 =1 k=1 =1

In order to show 7 notice that

n n n
STap A+ D ur +2) wm
k=1 k=1 k=1

0 <

M=
M=

x>

I
i Il
7 N\ ~

n

Z(l“k + 1)

k=1

IN

N N " /2 ;0 1/2
I T (z) (zy)
k=1 k=1 k=1 k=1

n 1/2 n 1/2\ 2
k=1 k=1

by the Cauchy-Schwarz inequality and the fact that the square root function is

increasing. (Il

Lemma and Definition 8.11

For n € N with n > 0 the map

" 1/2
d:R"xR" — R, , dx,y)= (Zlmk - ykl2>
k=1

is a metric. It is called Euclidean metric.

Proof. Notice that d satisfies the triangle inequality by Lemmas|5.122|and ,
and thus it is a pseudo-metric. Further d is a metric by Lemma . O
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Lemma 8.12
Let n € N with n > 0, d the maximum metric on R™, and 7 the standard
topology on R™. Then 7(d) = T.

Proof. We define the function
B :R" x |0, 00] — P(X),
B(x,r)={y €R" : |lzxy —yu| <7 1<k <n)}

The system
B={B(z,r) : x €R", r €]0,00[ } U{O}

is a base for 7(d) by definition. Moreover the system
A= {lz,y[ : z,y e R", (z,9) € S} U{D}

is a base for 7 where the interval refers to the ordering S on R™ as defined in
Remark We clearly have B C A and A C O(B). O

Lemma 8.13
Let n € N with n > 0. Let e be the Euclidean metric on R” and d the maximum

metric on R™. We have 7(d) = 7(e).
Proof. Notice that we have e(z,y) < /nd(z,y) and d(z,y) < e(z,y) for every

z,y € R™. The claim follows by Lemma [5.125 (Il

Corollary 8.14
For every n € N with n > 0, the topology generated by the Euclidean metric
on R” is the standard topology.

Proof. This is a consequence of Lemmas and ]
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Corollary 8.15
Let (z,,) be a sequence in R. If (z,) is convergent, then it has a unique limit

point.

Proof. Let x,y € R be two limit points of (z,). For every n € N there is m € N
such that |z, — x| < 1/n and |z, — y| < 1/n by Remark [6.22} It follows that
|z —y| < |2 —2m|+|2m —y| < 2/n. Therefore we have |z —y| = 0 by Lemmal6.12]
and Proposition , and thus x = y. O

Proposition 8.16
For every « € R with > 1 and every m € N we have 2™ > m(z — 1) + 1.

Proof. The claim is clear for m = 0 and every x € R with z > 1. Now assume

that it holds for some m € N and every z € R with x > 1. Then we have

g™ g™z > (mz—1)+1)-2 > m@x—1)+z

=mx-1)+@-1)+1 = (m+1)(z-1)+1

Proposition 8.17
Let € Ry . The sequence (z™ : m € N) is unbounded if z > 1, and converges
to0if0 <o < 1.

Proof. If > 1, then 2™ is unbounded by Proposition [8.16| and Lemma [4.40} If
0 <z <1, then ™ — 0 by Lemma [6.12 O

Lemma 8.18 (Finite geometric series)

Let x € R. We have
m+1
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Proof. The equality is clearly true for m = 0. Assuming that it is true for some

m € N, we have

+1
m X 1— xm-i—l S 1— l'm+2
E r = — 4+ = —_—
1—x 1—2
k=0

Definition 8.19
Let (z,,) be a sequence in R. We define the function S : N — R recursively by
S(0) = a0, and S(k+1) = S(k) + zx+1 (K € N). For every m € N, S(m) is

called a finite series and denoted by
m
>
k=0

Moreover, we write Zxk for S(n) — S(m — 1) where m,n € Nand 0 < m < n.

k=m

Similarly to Definition Definition is based on the Local recursion theo-
rem l5.02

Lemma and Definition 8.20
Let (z,,) be a sequence in R. If the sequence (Y_;" xk)m is convergent, its limit

point is unique and denoted by
oo
> T
k=0

It is called infinite series.

Proof. The uniqueness follows by Corollary O
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Lemma 8.21 (Geometric series)

The sequence (ZZ;O zk)m has a limit point for « € [0,1]. In this case we have

= 1
gwk: l1—=z

Proof. We have

m
1—gmtt 1
limmZxk:hmm lfx =12
k=0
by Lemmas and and Proposition [8.17] O
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Inverse image topology, [116

Isometry,
Iterated limits, [75]

Limit point
filter, [77]
net, [7]]
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m-th root function, [I51
Metric, [56]

Euclidean,
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closed, [34]
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open, [33]
Net, [70]
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convergent, [65]

limit point,
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boundary point,

closed in, [T21]
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metric, [5§]

of pointwise convergence, [I38|
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standard, [48]
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Ultrafilter base,

existence, [3]]

(© 2013 Felix Nagel — Set theory and topology, Part II: Topology — Fundamental
notions



	Remark
	Table of contents
	II Topology – Fundamental notions
	Topologies and filters
	Set systems
	Topologies, bases, subbases
	Filters
	Neighborhoods
	Interval topology
	Pseudo-metrics

	Convergence and continuity
	Sequences
	Nets
	Filters
	Continuous functions
	Closure, interior, derived set, boundary
	Separability

	Generated topologies
	Inverse image topology
	Topological subspace
	Product topology
	Direct image topology
	Quotient topology

	Functions and real numbers
	Bibliography
	Index


